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1. Introduction

In daily observations, consumers often hesitate to purchase goods they find, even though
they believe that they are worth purchasing. After deliberating whether to purchase goods,
consumers might finally decide not to purchase them at that moment; however, we often observe
that consumers continue to check the goods, care about other consumers’ attitudes toward the
goods, and eventually end up purchasing the goods. Although a standard model with unbiased
agents can not explain the prevalence of such kind of second thoughts, this study provides
a rationale for second thoughts in our dynamic model of decision timing by considering an
established behavioral feature: information projection bias (Madarasz, 2012).

We consider the situation with two (or more) agents; each happens to find a problem, and
when found, the agent decides whether or not to announce the problem publicly, and announcing
problem brings a private benefit for the first announcing agent. When the announcement is
costly, the uncertainty about the benefit of announcing the problem makes it difficult for the
agent to make the right decision. The agent must evaluate such uncertainty by observing the
counterpart’s behavior so far to make a better decision. More precisely, the agent finds the
cutoff value, which indicates that the announcement’s expected value overweighs its cost. In
this situation, the agent updates their belief on the benefit of announcing the problem in the
Bayes rule, which is based on the fact that no one has announced the problem yet. In general,
the cutoff value increases over time, implying that if the agent decides not to announce the
problem when found, they will not change their decision and will never announce it later;
however, we observe that individuals have second thoughts. Although individuals are prone to
making deliberate decisions at the beginning, they tend to change their initial decision later.

Considering the above situation in a dynamic model, we need to focus not only on the fact
that the problem has not been announced but also the possible reasons of not announcing it.
Moreover, when the counterpart has not announced the problem although they have already

identified it, we ought to consider how the agent forms their beliefs about the timing when the



counterpart initially acknowledged the problem. To consider this perspective, in addition to the
standard Bayesian updating, we should suppose that the agents have information projection bias.
Madarasz (2012) introduces the notion of information projection bias and explains it as “people
are aware of informational differences but project their private information, exaggerating the
extent to which others have access to the content of their private information.” In our context,
the agent who finds the problem projects the information that they have about the problem to
the counterpart’s state about whether or not to have known the problem. Once the agent finds
the problem, they suppose that the counterpart has known the problem since a particular time,
which is likewise assumed by the agent.

The following two points should be carefully considered to formulate information projection
bias in our model: (i) how the agent presumes the timing when the counterpart discovers the
problem; (ii) such a presumption will either be fixed at the time when the agent finds the
problem or will be updated every time after the agent finds the problem. Regarding the latter
point, we examine two cases: the fixed projection case and moving projection case.

First, in the fixed projection case, we suppose that the agent projects their information when
they find the problem, and this projection is fixed. Although the agent’s belief update is affected
by information projection bias, this impact only happens when the agent finds the problem.
After that, the updating primarily follows the standard Bayesian rule. Under fixed projection,
an equilibrium exists where the agent never announces the problem if they did not announce
when they initially discovered it. We term this property immediate announcement property
(IAP). This result holds regardless of the monotonicity of the cutoff value. Even if the cutoff
value has reduced with the passage of time, it increases again when the agent finds the problem
and projects it. As a result, fixed projection causes the equilibrium to have IAP.

Second, in the moving projection case, we suppose that the agent continuously projects their
information over time after they find the problem. When the cutoff value is nondecreasing

over time, an equilibrium with IAP exists; however, when the cutoff value is not monotone,



the equilibrium no longer possesses IAP despite being present. When the agent’s bias is
strengthened over time, the cutoff value is non-monotonic, and an equilibrium exists with the
property that although the agent decided not to announce the problem when they discovered
it, they overturn their initial decision and announce it later. This result provides a rationale
for second thoughts. Under fixed projection, the cutoff value increases again after finding the
problem, even if it previously decreased. In contrast, the cutoff value can still decrease under
moving projection even after finding the problem. This difference between the two projection
types result in second thoughts under moving projection.

This paper initially contributes to the literature on information projection bias (Madardsz,
2012, 2016). Madarész (2012) formalizes information projection bias in how agents project
their private information and exaggerates how others know it. We extend the notion of
information projection to our dynamic model and demonstrate that an agent has second thoughts
when they continuously project information over time.! Furthermore, our study contributes to
the literature on social learning.” Compared with ordinal observational learning models, such
as Bikhchandani, Hirshleifer, and Welch (1992), our model is asymmetric in the sense that the
decision on “not announcing” is unobservable and is related to Herrera and Horner (2013). The
authors show that no delay occurs in the decision using a model similar to the one used in this
study, excluding information projection bias; however, we show that agents may have second
thoughts if they are subject to information projection bias. Finally, our modeling is similar to
that of preemption games (Brunnermeier and Morgan, 2010; Hopenhayn and Squintani, 2011;
Bobtcheff, Bolte, and Mariotti, 2017) wherein we examine when a subject takes action by
considering the decision made by counterparts who face the same situation. Moreover, most

research on preemption games supposes that once a party takes action, others never have any

IRelated to information projection bias, Gagnon-Bartsch (2016), Gagnon-Bartsch, Pagnozzi, and Rosato (2021),
and Gagnon-Bartsch and Rosato (2022) study taste projection. Based on the formulation of taste projection
by Gagnon-Bartsch (2016), Gagnon-Bartsch, Pagnozzi, and Rosato (2021) demonstrate how taste projection
influences bitter behaviors in an auction, and Gagnon-Bartsch and Rosato (2022) study the effects of taste
projection on consumer behavior and pricing in markets.

2Bikhchandani, Hirshleifer, Tamuz, and Welch (2021) is an excellent survey on this topic.



cost and benefit from the situation. Although following these settings, we focus on the agent’s
information projection bias and explain why individuals occasionally overturn their decisions
earlier.

The rest of the paper is structured as follows. We introduce our model in the next section,
formulate information projection bias, and define equilibrium. In Section 3, we examine
an equilibrium under fixed projection and monotonicity of the cutoff strategy, which serves
as a benchmark case for subsequent analysis under moving projection. Section 4 shows an
equilibrium under moving projection and explains how information projection bias leads to the

agent’s second thoughts. We conclude by discussing a few issues of our model in Section 5.

2. Model

2.1. Setting

Time r € (T,T), where —co < T < T < oo, is continuous. Let N be the set of agents who
will face a problem. Each agent finds the problem with probability A,dt at each period, where
A, € (0, M) for some M € R,,. We assume that A(¢) = le/lsds € R, and lim;_, o0 @ > 0.
Only when the agent finds the problem can they determine whether to announce it. Although
the agent does not announce the problem when they find it, they can announce it later. Once
an agent announces the problem, the game ends.

Agents cannot observe whether others find the problem, but they can observe the announce-
ment made by someone who found it. Announcing the problem yields gain V € {0, 1} but
incurs cost k € (0,1). Agents who do not announce the problem gain payoff 0.> The prior
belief about V is that Pr(V = 1) = 1/2. The true value of V is unknown to all agents; however,
each agent receives signal §; € (6,60) ¢ R,, when they find the problem. We assume that

each agent’s signal is independent and identically drawn. The probability density function of

3If some agents announce the problem simultaneously, a tie is broken in some arbitral manner.



6 under V realization is fy(-) and its CDF is Fy(-). Each fy has full support on (6, 6). We
assume monotone likelihood dominance; ?EG; is monotonically increasing in 8. Therefore,
larger 6 implies the likelihood of the problem having high value. For the sake of simplicity,
we further assume }C‘ E 9; = 6.

Let (a;)iey € {1,0}NI be the action profile for each ¢ € (T,T) and 7; be the timing when
agent i’s finds the problem. Here a;; = 1 implies agent i announced the problem at ¢. Then, the
private history of agent i at ¢ is h;; = ((ais)ien.s<t> @) if t < 73, and hy; = ((ais)ien.s<t> (Ti» 6;))
if + > 7;. Now agent i’s behavioral strategy is a function oy, : h;; — a;;. Here, we assume that
the agent cannot announce the problem at 7 (i) if they do not find it: oy, (h;;) = 0if a;5 = 1 for

each t < 7;, and (ii) if someone, including them, have already announced it: oy (h;) = 0 if

ajs = 1 for some j € N and s < t. We denote the strategy profile by o .

2.2. Information Projection and Belief Formation

After receiving a signal, agents update their beliefs.* This corresponds to the standard Bayesian
belief updating. Additionally, we suppose that the agent misperceives their counterpart’s state
or information, which, in turn, influences their formation of belief; when the agent finds the
problem, they project the fact to the counterpart’s state, and they believe that their counterpart
must have already found the problem. This kind of bias affects the agent’s belief updating
referred to as information projection bias following Madardsz (2012). Let o, be the degree of
the bias at 7, which is supposed to be identical for all agents. The agent’s belief on the value
of the announcement (V') at ¢ depends both on the bias with probability of @, and on Bayesian
updating with probability of 1 —a;. Suppose that the agent finding the problem at 7 believes that
their counterpart has already found it at /() < ¢t. We assume that £ is nondecreasing. In sum,
the agent updates their belief on V based on the received signal and the counterpart’s action

profile under the condition where the agent believes that the counterpart found the problem at

“For the sake of simplicity, we suppose that N = 2. We can extend the following analysis to which there are N
agents.



£(1).
Furthermore, let 87 [7; | o] be the belief at 7 on 7; under strategy o when agent i finds the
problem at 7; and projects the information to the counterpart’s state at 7. For each t > 1;, the

belief B is defined as follows:

B Le | ol(s) = ar+ (1 —a)Pr(rj=s| hy, o) if s=7(1),

(1 = a7)Pr(rj =s| hy,0) if s+ (1),
where Pr(7; = s | hj, o) is the Bayesian belief observing history under strategy profile o.
When the timing of agent i presuming that the counterpart found the problem is consistent with
the timing of the counterpart actually finding the problem ({(7) = 7;), then the agent’s belief
concerning the bias is accurate. Then, this part of belief is @, - 1 = @y when the degree of the
bias at 7 is @;. The overall belief comprises this bias term and the standard Bayesian updating
term with a rate of (1 — a;), represented by (1 — a¢)Pr(r; = s | hy, o). Conversely, when
L(T) # 7;, the agent’s belief concerning the bias is incorrect, and the bias termis @ -0 = 0. As
a result, the prevailing belief is represented only by the Bayesian term with a rate of (1 — ;).
We consider two kinds of information projection classified by the timing of projection: fixed
and moving. Under fixed projection, the agent projects their information when they find the
problem, and this projection is fixed after that; if agent i finds a problem at 7;, in any period
t > T, they presume that the counterpart found it at (7;) > 7;. In contrast, under moving
projection, the projection bias evolves even after the agent finds the problem; if agent i finds a
problem at 7; in period ¢ > 7;, they presume that the counterpart found it at period £(¢) > 7.
In the definition of B} [7; | o](s), T = 7; under fixed projection and 7 = ¢ under moving

projection.

SWe call the former term the bias term and the latter term the Bayesian term.



2.3. Definition of the equilibrium
The agents have the common discount rate denoted by p. Now we define the equilibrium.

Definition 1. Let ¢!, = inf{s : 07 (h;;) = 1 and s > t} be the stopping time if agent i decides
not to announce at ¢ under the belief of the agent at . The strategy profile, o, is an equilibrium

if, for each r and each i,

O-il(hil‘) = arg maxa(E [V | ﬁ;r[’ hil’ O-] - k)
+(1 - a)qut [e—P(§ft—t)Pr(ajs =0,5 < gt | B} hir, o) (E[V ] ﬁl.Tg,' , higgt, o]l -k)],

oy (his) = arg max a(E[V | By, his, o] = k)

is?

is’

+ (1= a)Egr [e S5 Pr(ayy = 0,5 < iy | By hiss ) (EIV | Bl s hige ] = K]

where 7 = 7; under fixed projection and T = ¢ under moving projection.

In this definition, agents behave rationally despite having information projection bias. The bias
is common knowledge for all agents. Note that under fixed and moving projection, each agent

anticipates that their future self has the same bias at the decision period. Indeed, at period ¢,

the agent in future periods (s > f) plays o

+» which maximizes the payoff under the belief ;.

By definition, the bias terms of 87 depends on 7 € {7;,¢}. In this sense, agents are naive about

evolution of future biases.®

We make the following assumption, guaranteeing the existence of equilibrium.’

Assumption 1. (i) There is t* > T such that foreachr < t*, () =T. (i) 1 < %% <.

£ implies that k > % = %. That is, when a Bayesian agent receives 6 = 6,

1 < g1 T+

|DI—

T2 < 6 implies that SO/ > k. This

they never desire to announce the problem. é T GO YO0
z 1 1 0 A4

This distinction does not matter in fixed projection; however, it plays an important role for the equilibrium
characterization in moving projection. Section 5 discusses how our results alter if agents rationally anticipate
the evolution of future biases.

7 Appendix C provides the proof for the existence of the equilibrium.



implies that even when the agent is aware that the counterpart receives 6, they are willing to
announce the problem if they receive 6.

This paper focuses on the symmetric equilibrium. Let 6, -, be the cutoff at ¢ regarding
whether to announce the problem when agent i projects their information at v > ;. Moreover,
let (6r.7,),c (T.F) be a sequence of cutoffs. Then, we consider the strategy with (0,,T’Ti)te(zj):
aj;=1ift > 7,0; > 6;r,and aj» = 0 for each j € N and ¢’ < t; otherwise a;; = 0.We term
this strategy the cutoff strategy (Qt’TvTi)IE(Z,T)' Note that (G,J,Ti)le(zj) = (elvTivTi)ZE(I,T) under
fixed projection and (gtmﬂ)ze(zi) = (Hf’t,fi)te(z,f) under moving projection.®
In subsequent sections, we find equilibria with the cutoff strategy (6; ; r,) in fixed and moving

projection cases and characterize the strategies and the agent’s announcement behavior on the

equilibrium path.

3. Equilibrium under Fixed Projection

This section examines equilibria under fixed projection. As described, under fixed projection,
the agent projects their information when they find the problem; this projection is fixed follow-
ing that. We show that the equilibrium under fixed projection has immediate announcement
property (1AP). Formally, the equilibrium has IAP: for each i, ¢, and 7;, a;; = 0 foreach ¢t > 1;
on the equilibrium path when a;, = 0.

Under fixed projection, the condition that agent i announces the problem at ¢ is provided
by P (6;) — k > 0 where P;.,(6;) is the probability that V = 1 under agent i’s belief at
period . We demonstrate a cutoff sequence (X;) so that the condition can be reformulated as
0; > %;. To observe this, we must calculate P; r,(6;). Let Q}/ be the probability that the agent
has announced the problem until # under state V € {0, 1}. Under the cutoff strategy, we can

calculate Q) as follows:’

8For the sake of notational simplicity, we will omit the subscript of Or.7.7),c T.7) and represent it as (6;,¢,7;)
when it is obvious.
9 All proofs are provided in Appendix A.



Lemma 1. If the cutoff strategy with (X;) is at an equilibrium state that has IAP,

t
of = / e MO0, (1= Fy(3p))dr'.

r
P; 7,(0;) can be represented by

0;(ar, Fi(R¢(r) + (1 —a7,)(1 - 0)))
0i(ar, Fi(Rz(r) + (1 — @) (1 = ON) + (@Fo(R(r) + (1 — 7)) (1 — Q%))

Pt,Ti(Qi) =

Then, announcing at ¢ is optimal if and only if P;,(6;) — k > 0, equivalently, 0 > &, ,,

where

. aFo)+(1-a)(1-0)) &k
= - (1)
a:Fi(Gr0) + (1—a)(1 -0 1 -k

As defining

% .— aTiFO(fo(Ti)) + (1 - a"r,-)(l - Q?) k
YT Fi () + (1 —ag)(1- Q) 1= &

we have the following proposition:

Proposition 1. Suppose that sequence (X;) satisfies Equation (1). Under fixed projection,

there is a cutoff equilibrium having IAP, and the cutoff satisfies 0; 1, r, = X z,.

The intuition is as follows. Under fixed projection, once the agent finds a problem, the timing
by when the agent projects their information is fixed; Bayesian updating primarily affects the
agent’s belief later. As time passes, the probability that the counterpart has already found the
problem increases. This implies a negative signal on the value of the announcement when
the counterpart does not announce the problem. This information externality is more likely to
discourage the incentive to announce the problem over time. As aresult, under fixed projection,

the agent never announces the problem if they decide not to do so when they discover it.

10



The following proposition provides sufficient conditions for the monotonicity of %;.

Proposition 2. (i) If £ (1) = T for each t € [T, T] and &, > 0 for each t € [T, T), %, is strictly

increasing in t. (ii) If &y = 0 for each t € [T, T], X, is strictly increasing in t. (iii) If a; = 1 for

eacht € [T, T], X; Is constant.

(1) represents the case where the agent who finds the problem believes that their counterpart
has already found it in the beginning, and their bias strengthens as time passes, and (ii) can
be witnessed as the benchmark case where the agent does not possess information projection
bias. In this case, X; is strictly increasing, implying that the later the agent finds the problem,
the less likely they will announce it. This comes from the Bayesian term: the counterpart is
more likely to find the problem as time passes. No announcement implies that the received
signal is weak; thus, the agent infers from this. In contrast, (iii) is the case where the agent
completely projects their information to their counterparts. In this case, the agent believes that
their counterpart found the problem in a specific period, namely, £ (); however, the decision in
£ (1) is also based on the decision in £({(t)). Repeating this process implies that the decision
is based on £(£(---£(t)--+)) =T. Therefore, the cutoffs are constant.

In contrast, there are some conditions where (X;) is not monotonic. To observe this, we

make the following assumptions:

Assumption 2. (a) Condition for a: &, > 0 for each ¢ and lim,_,, 04 _ 0.

(b) Condition for: (i) Foreacht > t*, £(¢) is strictly increasing int, and (ii) limz_, _ lim,_ 7 te=A(¢(®) =

T—00

0.

e‘A(t)/l, _ 0

Assumption 3. (a) Condition for a: &, < 0 for each ¢ and lim,_,

(b) Condition for £: £(t) =T for each t.

Assumption 2 represents where the agent’s bias has strengthened over time; the agent believes

that the later the agent finds the problem, the closer is the timing of their counterpart finding it.

11



In contrast, Assumption 3 represents a situation where the agent’s bias has weakened over time;
the agent believes that their counterpart found the problem initially. Under Assumptions | to 3,

we have the following proposition on the nonmonotonicity of %;:

Proposition 3. Under Assumption I and either Assumption 2 or Assumption 3, if T is sufficiently

large, there are t,t’ with t’ > t such that X, > X.

The intuition for these results is as follows. The cutoff value of agent i is higher if the inferred
6; from agent j # i’s silence is low. Under Assumptions I and 2, suppose by contradiction that
X; increases. Then, as ¢ increases, even if agent i does not announce at period ¢, the inferred
0; from the event becomes higher. As {(¢) increases, in the biased term, the counterpart of i
believes that the inferred 6, increases. The cutoff value can decrease if this effect overcomes
the Bayesian term’s effect. Conversely, under Assumptions 1 and 3, the projected period is 7.
If X; increases, inferred 6; from the no announcement by the agent in period 7 is the lowest.

Then, as the projection bias weakens, this effect decreases as time passes.

4. Moving Projection and Second Thoughts

4.1. Equilibrium under Moving Projection

This section investigates equilibria under moving projection. As described, under moving
projection, the agent updates the bias term on their belief and the Bayesian term every time
after finding the problem. This implies that a sequence of cutoffs in equilibrium is possibly
independent of the timing when the agent finds the problem. Let P;(6;) be the probability that
V =1 under agent i’s belief at period . When the agents are sufficiently myopic, the condition
that agent i announces the problem at ¢ is P,(8;) > k. As in the fixed projection case, we show
a cutoff sequence (&;) so that the condition can be reformulated as follows: 6; > X;.

Let Q~;/ be the probability under agent j’s belief that agent i # j has announced the problem

until # under the state V € {0, 1}. As in Lemma 1, under the cutoff strategy, we can calculate

12



QY as follows:

Lemma 2. If the cutoff strategy with (X;) is an equilibrium,

t
QY:/T e M0, (1= Fy(&(r))dr,

- prob. finds at t’
where &(t') = ming ey 1 K.

& implies that the decision can be delayed: if X; is decreasing at some ¢, i.e., Xy > 6 > X, for
some ¢ > t’, the agent who finds a problem at ¢’ and receives 8 will announce the problem at
period ¢ although they decide not to announce it at the period . Under moving projection,

P,(6;) can be represented as follows:

0i(a Fi(&(L(0) + (1= a)(1 = 0)))

PZ(Q,’) = =1 O
0i(a F1(£(£(0) + (1 =) (1 = Q) + (arFo(&(£(1) + (1 — ) (1 = Q7))

Then, if p = co, announcing at ¢ is optimal if and only if P;(8) — k > 0, equivalently, 6 > %;,
where
. aF&ECoN+(1-a)(1-0Y) k

¢ = ~ . 2
’ P& 0)+(1-a)(1-0/) 1 -k @

We have the following proposition:

Proposition 4. Suppose a sequence (X;) satisfies (2). Under moving projection, there is a

cutoff equilibrium that satisfies 0, -, = X; for each 7; < t.

This proposition implies that the agent announces the problem as soon as 6 > X;. If X; is
nondecreasing, once the agent decides not to announce the problem, they will never announce
it later. This is because if X; is nondecreasing, ¥,» > 6 holds for each " > ¢. In contrast, if %,

1s nonmonotone, there is a possibility of second thoughts; although the agent decided not to

13



announce the problem when they found it, they overturn their initial decision and announces it

later. That is, X; > 6 > X; for some ¢ and t’ > ¢.

4.2. Second Thoughts under Moving Projection

We study equilibrium properties under moving projection by comparing them with those under
fixed projection. We provide a rationale for second thoughts caused by moving projection.

We first examine the differences between X; and £;, previously defined, as follows:

o _wF G0N+ (1 -a)(1-0) &
TR (E@) +(1—a)(1-0N 1 -k
. a:Fo(fr) + (1—a)(1-0Y) &k

X .
TR (G +(1—a)(1-0) 1 -k

As &(s) = minges X, &(s) = X, if % increases in t. Therefore, if %, is nondecreasing,
X; = X;. This also implies that if X; has decreasing points, ¥, is nonmonotone. Therefore, if (%;)
1s monotonic, there is no difference in fixed and moving projection. In other words, differences
between moving and fixed projection arise when (%) is nonmonotone. The equilibrium under
fixed projection has IPA even when the cutoff sequence is nonmonotone; however, this result
cannot hold under moving projection. The agent may announce the problem after deciding not

to do so when they find it; this is summarized in the following proposition.

Proposition 5. (a) If there is a nondecreasing sequence (X;) satisfying (1), an equilibrium
exists with the cutoff strategy (%;) = (X;) that has IAP under moving projection.
(b) If any sequence (X,) satisfying (1) is nonmonotonic, no equilibrium exists with the cutoff

strategy (X;) that has IAP under moving projection.

When the agent finds the problem in the region where the cutoff sequence decreases, the
difference between moving and fixed projections impacts the agents’ decision of the announce-

ment later. As in Figure 1, the cutoff sequence decreases after finding the problem under

14
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moving projection although it increases under fixed projection. This property of moving

projection provides a rationale for second thoughts.

Theorem 1 (Second thought). Under the cutoff strategy with (%), if (X;) is nonmonotonic,
there are t,t" witht’" > t > 1;; an agent decides not to announce the problem at period t but

decides to announce it at t'.

When the agent does not have information projection bias, they predict that the benefit of the
announcement would be low if their counterpart has not announced it. This increases the cutoff
sequence as time passes, and second thoughts do not occur. In contrast, this prediction may not
always hold true when the agent has information projection bias. Under fixed projection, the
agent updates their belief depending only on the Bayesian term after discovering the problem
because their information projection is fixed. Then, the cutoff sequence increases again after
finding the problem despite initially decreasing, and the agent never overturns the initial
decision. In contrast, under moving projection, because the agent projects their information
every time after finding the problem, the bias and Bayesian terms continue to affect their belief
update. Consequently, the cutoff sequence decreases even after finding the problem, and this
causes the possibility of second thoughts such that the agent announces the problem later
although they did not announce it when it was discovered.

To confirm the result above, suppose by contradiction the cutoff sequence increases after

finding the problem. Under Assumption 2, if the agent finds the problem at a sufficiently later

15



period, they believe that the counterpart did so as well. As the cutoff sequence increases,
even when the counterpart receives a clear signal for V = 1, the counterpart may not make
an announcement. Therefore, no announcement does not imply that the counterpart receives
a weak signal. Then, the inference from no announcement becomes weaker, and as a result,
the cutoff sequence continues to decrease even after finding the problem. In this case, under
fixed projection, the agent never updates their bias, i.e., even at a later period, the belief about
the timing of the counterpart’s finding does not change. Therefore, the agent never overturns
their initial decision. In contrast, under moving projection, the agent updates their bias as time
passes, which causes them to believe that the counterpart will find the project at a later time;
thus, their initial decision may be overturned. As a result, second thoughts can be explained

when the agent has information projection bias under moving projection. '’

5. Discussions and Conclusion

We considered agents with information projection bias and studied the timing when they
announced the problem they found. When the agent projects information to the counterpart’s
state every time after finding the problem, the cutoff value representing the condition of
announcing the problem potentially decreases. This causes the agent to have second thoughts
by announcing the problem later, even if they did not do so when they initially found the
problem.

We discuss a few concerns of our model.'! First, we provide a comparative analysis on «.
As in Figure 2, compared with the full bias case (@ = 1), the cutoff value for the agent with

a partial bias(e € (0, 1)) was relatively low at earlier stages but increased in later stages. We

19Second thoughts can be observed only when the cutoff sequence is decreasing, which happens under Assump-
tion 3 as well as Assumption 2. Under Assumption 3, the agent thinks that their counterpart has been aware of
the problem since the beginning. Because such a counterpart makes an announcement even when the signal
is weak, the counterpart not announcing the problem is a strong signal of V = 0; however, the bias effect
decreases over time and the cutoff sequence lessens.

Formal propositions related to the following discussion are provided in Appendix B.
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Figure 2.: Comparative statics of «

can infer from Proposition 2 that only the partially biased agents may have second thoughts.
Second, the equilibrium under moving projection depends on the assumption that each agent
is naive about their future bias. If the agent correctly anticipates their future bias, the cutoff
equilibrium shown in Proposition 4 cannot hold. The agent may deviate and announce the
problem immediately after finding it, even if it is costly because such an announcement prevents
them from having second thoughts in the future.

In our model, the cost and benefit of announcing the problem affect only the payoff for
the agent who announces it; however, in some situations, the effects of announcement are
interdependent among agents. For example, if one of the board members finds a problem with
the company and announces it publicly, such an announcement can affect the entire company’s
financial situation, including other board members. We could study this situation by extending
our model to consider the announcement as a public good. This would be one of our future

research topics.
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A. Proofs

Before proceeding to the proofs, we provide the following lemma.

ZF( f)
Lemma 3. (a) Define x; = —- (x;(i))jr();g_(‘;l)(l_Q}) € (0,1). Then,
Fo(x 1-0% &
XA[: Ktm'l'(l—/(t) Qtl — .
Fi(xz0)) 1-Q!)1-k

1-09 . .. Fo(x,r
(b) I—Qil is a convex combination Of{F(l)EZ'; r<r U {1}

(c) MLHP implies ]’:?g; < g‘]’g; for each x. Then, g‘]’g; decreases in x.
(d) For each t, X; € [ﬁ, é%].

(e) Under Assumption 1 (b), 0 < Fy(%;) < 1, and Q) € (0, 1).

Proof of Lemma 3. (a) is immediately followed from (1).

1-0Y . .
l_g’l is rewritten as follows:
t

(b) Note that

A ’ ,
1= Q? _ 1- -/Z e Al )/lt/dt /t e A )/lt'dl’Fl (xAt’) Fo(%,)
1-0! 1-0)} T 1-0)} Fi(%r)

Note that by the definition of Qt1 ,

L= [LeNO0dt + [ e MO dt Fy(2))

=1.
1-0!

Thus, =2 is a convex combination of {M} u{l}
> 1-0! Fy(&o) [ oy :

(c) As MLHP order implies the reverse hazard ratio order, the definition of the reverse hazard

ratio order implies the inequality (e.g., Shaked and Shanthikumar, 2007). A differentiation

Fo(x) -

shows that Fi 1S decreasing in x.
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(d) As Fo) jg decreasing in x by (c), and by the definitions,

Fi(x)
IPELICIRPN [C)
Fi(x) x>0 Fi(x)
Jo(0) :
== (by I’'Hopital rule),
f1(8)
1
=7 (by the definition of 6).

~0° .
By (b), as i g’l is a convex combination of {%} U {1}, and by (a),
Xt t'<t

k
1-k

_k
-k

< X <

D=

(e) By (d), Assumption 1(b), and the assumption that Fy has full support on (6, 9), 0 =
Fy(9) < Fy(t) < Fu(®) < Fv(3:5) < Fy(9) = 1. As O < inf Fy (%) < sup Fy (%) < L,
Q) € (0,1). O

A.1. Proofs in section 3

Proof of Lemma 1. Let y, be the probability that an agent has not found a problem until period
t. Then, this satisfies y;.qr = y;(1 — A,dt). By solving this ODE, we obtain y, = e~M9 The
probability that the given agent finds the problem at the exact period ¢ is e *®,dt. As the

agent announces the problem with probability (1 — Fy (x;)),

0l —0F = e, (1-Fy(x,))dt,
N——
prob. finds at ¢

which completes the proof. O
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Proof of Proposition 1. The payoff of announcement at period t’ > t > 7; is

[P (8:)(1 = (Q) = 0N)) + (1= Py, (0)(1 = (QF — O] e P (P ,(6) - k).

prob. The counterpart does not announce the problem at 7€ (z,’]

. .. 0P o . .
By differentiation, }; -+ < 0if and only if

(1= Fi (&) [@Fo(fz(r) + (1 — @) (1 = Q)] > (1 = Fo(&)) [@F1 (R¢(z) + (1 — @) (1 — 0,].

By monotonic likelihood ratio dominance property, F first order stochastically dominates Fj.
Therefore, Fy(x) > Fj(x) for each x and Q! > QU for each r. Then, Py (:) < P;+(-),
if P;,(0) < k, announcing after the period ¢ is never optimal. Otherwise, announcing
immediately is optimal.

Note that P; ., (6) > k if and only if

CZTF()(XAQV(T[)) +(1- a"r,-)(l - Q?) k

0> X g = ~ .
T @ Fi(Reey) + (1 —ag) (1 -0 1 -k

Then, the cutoff strategy with (x;,) is an equilibrium. Moreover, as P; ., (6) decreases in ¢
and increases in 6, we can demonstrate that x; -, is nondecreasing in ¢. Therefore, the cutoff

strategy has IAP. By (1), we confirm that £, = x;;, which concludes the proof. O

Proof of Proposition 2. Note that as {(t) < ¢, lim,,r {(¢) = T. By abusing notation, define
llm,_,z Xt = xz.

Following Lemma 3 (a), recall that X; is rewritten as follows:
1-0% &

+ (1 - k) —=L | ——.

o Fo(Z¢(1)
’ 1-0!) 1-k

= |k—F"——
"Fy (Zz(r))

We focus on the case where %, is differentiable; however, this does not lose generality.'> By

12Even when £, is not differentiable, it is sufficient to consider £; —£;_g4,, in which case, by using the Taylor expan-
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differentiating X, with respect to ¢,

A

Xy =

‘ (Fo()?_:(z)) B 1—Q?)
"\FiGz0)  1-0!

» foRz)Fi (x(;(l”(;j?;ffm)f' (“(”)fcé«(t)g&(t) (3)
_ —(1-Fo(£)) (1-0D+(1-Fy (%)) (1-Q°
+(1 = k)e-NOY, (1-Fo(%))( (?_)5}()2 1(£)(1-97) ﬁ

+

() If £(¢) = T for each t, £(t) = 0, the second term is zero. Moreover, as Q! increases in
t and @; > 0, ¥k, > 0. By MHLP, the third term is positive. Then, consider the first term, as

¢ =0,k > 0. Now we check whether

_ kG 1-07
-~ Fi(Gp)  1-0)

R(1) >0

Note that lim, 7 R(¢) > 0 as Fo(x7) > Fi(x7). Suppose by contradiction that R(z) < O for

some f. Let ¢* be the smallest one of . Then, as x(7) > 0 for each 7 < ¢*. Following

_NO N
Lemma 3 (b) 179: is a convex combination of {??E;Z;}['<[ U {l}. As 2’8 decreases in x

£l 1_Q}
o oo « 1200 _ Folir)
(Lemma 3(¢)), and £, > fr foreach 7 < 17, - Qil F(l) (é)

. This implies that R(¢*) > 0, which
is a contradiction.

(i1) If a; = 0 for each ¢, x; = 0 for each . Therefore, the first and second terms of (3) are
zero. Then, we only focus on the third term, which is positive.

(ii1) Consider the case where a; = 1 for each 7. In this case, the definition of %, is

. Fo(xew) &k
"TRG) -k

8(1-0%)/(1-0})
361 : dt’

Folfew)  1-00\ L 8Fo (o)) (Fi(xgey) 1o o
F(l)(;jEr;)_l—QE) T (R (1) =R (1-an)+ (1)

where t{, 1,13 € [t — dt,t]. Then, the similar logic to the following proof can be applied for the case.

SiOn,.xAl»_.xAl»_dt = kl’] dt (
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Then, as limg_,, {*(¢) = T, the above equation is rewritten as follows:

. Fo(xr) &
X=——
Fl (XZ) 1-k
Thus, X; = &7 for each z. Then, £ is constant. O

Proof of Proposition 3. We classify two cases: (a) Assumptions 1 and 2 are held and (b)
Assumptions | and 3 are held.

First, we consider case (a). As in the proof of Proposition 2, we focus on the case where %,
is differentiable; however, this focus does not lose the generality.'?

(1) We first show that for sufficiently small ¢, % > 0. Following Assumption 1 (a), for each
<t { () = 0. Then, as in Proposition 2 (a), we show that £, > 0foreacht < t*.

(i) Now, we show the existence of a decreasing point. Suppose by contradiction that £, > 0
foreacht € (T,T).

Then, consider X;, which is calculated as

i _ |, (Foliw)  1-0)
X = | K (m - 1—Qi')
1 o FiC) Fole) (fg(t)))té’(;)é&(l) 4)

(Fi(R¢n))?
+(1 = k,)e~AO) /lt—(l—Fo()?z))(l—Q,l)+(1—F1(J?t))(l—Q?) k

(1-0))? 1=k

where

& = Al @ Fi (k) (1 - 0))

+ar (1= @) fi(Re) X () (1= 0D + (1 = @) Fi (%)) (1 = Fi(%z0))e M, |,

and A = (@, Fy(%z() + (1 —a;)(1 - Q)2

13See also footnote 12.
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Consider the first term of (4). Note

Fo(tp) 1-0Q) ™0 - /’ e NOAF () Folir) Foliew)
Fi(®;0) 1-Q!  1-0! Jr 1-0!  Fi() Fi(%z)

-A(1)

A~ t 7A(t,)/1,F X/ A A )
o (0Gcw) = D+ [ Tt (e (iew) — () di

{0 NVFGEY) e e
T %(S"(&u))—ﬂxﬂ))dt

)

Fo(x)
Fi(x)"

where ¢(x) = Note that /;([) e MDA Fy (&) dt’ < te™ 4@ sup. A, which converges to

0 as t — oo. Therefore, the first and second terms of (5) converge to 0. Moreover, note that
as x; is nondecreasing and ¢ is decreasing, and that £, > 0foreacht € [T,t*], the third term

of (5) is negative. Note that by the definition of £, (£,),_= does not depend on the size of T

t<T
Fo(¥z)  1-00

FiGew) 10! < 0. This value

Therefore, if T is sufficiently large, there is r € (T, T) such that

does not converges to 0 even when T — oo; the third term of (5) is independent of T. The

s _NO
£ holew) 1200 10 o6 follows:

convergent o FiGs) I—Qtl

/| ~ NN Fi )
T

— ol (p(Reo) = p(&1))dt’

Note that following Lemma 3 (c) and the supposition that %; is nondecreasing, the second

term of (4) is negative. Then, as we assume that £+ >0, foreacht <1, % <0if

- i i, 1 (Foltew)  1-02
Al @i (e (1= 0D + a1 = @) Fi(Re ) (1 = Filfzn)e ™ (F?(Zib - 1_Q})
Ay 1= Fo@) (1 -01) - (1 - AiE))(1-07)

t (1-0})? |

<(1—-ks)e

As &, > 0, by dividing &, and letting t — oo, the above inequality becomes

Fo(fw) 1-00
Fi(fx) 1-0l

almGaa-eb|( <o ©

Note that as x; is monotone and bounded, lim; e £7(;) = lim; 0 £;.
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Fo(fe) _ 1-0%

Inequality (6) is satisfied because FiGe) ~ 120!

< 0, as shown above. Therefore, for
sufficiently large ¢, X, < 0, which is a contradiction.
Next, we consider case (b). Suppose by contradiction that £, > 0. As in the proof of (a),

because ¢, = 0 for each ', %; < 0 if

Fo(Xs 1-0Y
Al@:Fr(Zz0) (1= 0)) +a(l = a)Fi (%;) (1 = Fy ()?g(t)))e_A(I)/lf] ( ) = )

Fi(tz0) 1-0]
(1= Fo(x)(1 -0} - (1= Fi(£))(1-Q?)
(1-0hH? '

<(1=-k)e My,

As @; < 0, by dividing &, and letting t — oo, the above inequality becomes

Fow) 1-0%,
Fi(fe) 1-0

A|FiEe) (1 - 0L)] ( > 0. (7)

S _NO
Note that by {(7) = T, as in the proof of Proposition 2, g?g:; - i_gf > 0. Therefore, (7) is

satisfied. This implies that £, < 0 and thus it is a contradiction. O

A.2. Proofs in Section 4

Proof of Lemma 2. Let y; be the probability that an agent has not found a problem until period
t. Then, this satisfies y.4q; = ¥/(1 — A,dt). By solving this ODE, we obtain y, = e ™). As
in Lemma 1, the probability that the given agent finds the problem at the exact period ¢ is
e M ,.dr’. By period 1, the agent announces the problem if and only if 8 > X, for some

t” € [t',t]. As the probability that the agent announces the problem is (1 — Fy (&())),

0V =0V = e (1-Fy(&(t)))ar,
————
prob. finds at ¢/

which completes the proof. m|

Proof of Proposition 4. Note that under the belief of agent i at period ¢ > T;, the probability
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of V = 1 under the condition that no announcement occurs is

0;(a F1(£,(£(1) + (1= a;)(1 - 0}))
0i(arF1 (£(Z(1) + (1 = @) (1 = 01) + (@ Fo(&(£ (1)) + (1 =) (1 = 07))

ﬁt’,z(gi) =

This comes from the agents’ anticipation that the bias never changes in the future.
Then, as in the proof of Proposition 1, under the belief of agent i at period ¢, the payoff of

announcing att’ > t > 1; is

[Pri(0) (1= (0} = 0) + (1= Py (0))(1 = (O} = O] e (Byr 4(6) = k).

prob. The other announces the problem at some ¢/ €[7,t']

alst’t

By differentiation, —; < 0 if and only if

(1= Fi (&) [@Fo(¢(£(0) + (1 = a)(1 = 0] > (1 = Fo(&) [aFi(£(£ (1) + (1 = a) (1 = 0})].

This inequality holds as in the proof of Proposition 1. Therefore, if P,; = P, > k, announcing
immediately is optimal. Otherwise, as agent i anticipates that P,,; < k and they believe that
they will never announce in the future, not announcing is optimal. As P; > k if and only if

0; > X;, we conclude the proof. O

Proof of Proposition 5. (a) Suppose that the sequence (£;) satisfies (1) and is nondecreasing.
As %; is nondecreasing, min, ¢, £ = £;. Then, P.(6) = P;;(6) with the cutoff strategy
(X;) under moving projection. Therefore, X; satisfies (2). Following Proposition 4, there is
equilibrium with (X;) = (£X;). If & > X;, as shown in Proposition 1, announcing immediately is
optimal. Otherwise, as X > X, > 6, announcing is never optimal in later period. Therefore,
the cutoff strategy is at an equilibrium state and has IAP.

(b) Suppose by contradiction that the cutoff strategy (%;) having IAP is at an equilibrium

state. In this case, P;(8) = P;,(6). Then, as the sequence satisfying (1) is nonmonotonic,
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X; is also nonmonotonic. Recall that the (current) benefit of announcement is P;;(6) > k,
equivalentto 6 > X;. As X, is nonmonotonic, thereis ¢, withz > ¢’ and 6 such thatX,, > 6 > &;.
Then, under moving projection, at time ¢’, the payoff of announcing is negative. As shown in
the proof of Proposition 4, the agent believes that they will never announce in the future. Then,
not announcing is optimal; however, at period ¢, the payoff of the announcement is positive.

Therefore, a;; = 1 becomes optimal, proving that the cutoff strategy (%;), cannot have IAP. O

Proof of Theorem [. As X; is nonmonotonic, there are ¢, ¢ with ¢ > ¢ such that X; > X,. When
an agent finds a problem at 7 and receives 8 € (X, X,/), then, under the cutoff strategy with %,

they decide not to announce at ¢, but decide to announce at t” = inf{s > ¢ : ¥, < 0} <t’. O

B. Formal analyses in Section 5

In this section, we formally analyze a few topics listed in Section 5. First, we perform
comparative statics concerning . The following proposition reveals that with any «, the cutoff
at period 7 is lower than under full projection (i.e., @ = 1), and at a sufficiently later period,

the cutoff is higher that under full projection.

Proposition 6. Suppose that lim;_,., A(t) = co. Consider a with lim;,. @; < 1. Let, X be
the cutoff with such a. Moreover, denote )?tl be the cutoff when a; = 1 for each t. Then, if X;
1

increases, lim;_,. £ > X, > A%.

Proof of Proposition 6. Following Proposition 2 (b), if @, = 1 for each ¢, )2,1 is constant, and

therefore, we drop ¢. £! satisfies

ol _ FO(JGI) k
F(Y) 1 -k

As Lemma 3 (c) shows, Fo(x)/F(x), 2! is uniquely determined.
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Next, consider £7'. If t =T,

40 a’zF()()?%) + (1 - a’z) k

L™ arF (&5 +(1—ap) 1-k

Note that for each x,

Fo(x) _ arFo(x) + (1 - ar)
Fi(x) ~ arFi(x)+ (1 -ar)’

1

Therefore, £ > )E%

Finally, consider the case ¢ — co. Suppose by contradiction that £! > lim,_,,, £2. As £¢

1-0Q?

18 written as
1-Q!

increases in 7, £! > x¢ for each t. Moreover, as

r _ ’ ’
1-0 1= fre /r e M4, di' Fy (£2) Fo(£2
1-0! 1-0; r -0 Al

and A(t) — oo,

1— Q? /oo e_A(l,)/lﬂdt/Fl ()’5;1/) F()(XA?:
. 1-0L Fi(3)

Fo(%))

then, lim,_,« X{" converges to a convex combination of { 6]
t/

}. As Fy(x)/Fi(x) decreases in

x and %! > X for each 1, lim; 0 X7 > £!, which is a contradiction. O

Next, we consider the issue that agents are rational about future biases changing under
moving projection. In this case, the following proposition shows that the cutoff strategy may

not be at an equilibrium state.

Proposition 7. Suppose that each agent correctly anticipates their bias. When p is small
enough, there does not exist equilibrium with a cutoff strategy satisfying the following proper-

ties: i) 0, = X4, ii) X; has a decreasing region, and iii) X; is continuously differentiable.

Proof of Proposition 7. Suppose by contradiction that such an equilibrium exists. Suppose
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also that X; > 0 for each ¢ €€ [t1,1,) and %, < O for each ¢ € (1, 13]. Consider §* that satisfy
0* = %,,. Then, P,,(6*) = k.

For each agent with 6 < 8%, the payoff of announcing at time ¢, is negative. Consider such
an agent who decides whether to announce at time ¢ = ;. The payoff of announcing at time ¢/,

which is
e P=2)py| g (ay =0,V <1’ | aj = 0,V < 12)(Py iy (6) = k),
n
where

Pr|ﬁ;2(a,j =0,Vt <t |a;=0,Vt <17)
2

0@ Fi(£,(L(10) + (1= a,) (1= 01) + (@, Fo(&(£ (1) + (1 = ay,) (1= 00)
(@ Fi(£,(L(0) + (1= a,) (1 = 01)) + (@, Fo(€, (£ (12) + (1 — i) (1 = 00))
O(an Fi(£,(L(12)) + (1 —ay,)(1 - 0L))
0(a, F1(£,(£(12) + (1 = ay) (1 = Q1)) + (@1, Fo(é,(£(12)) + (1 —ai,) (1 - Q%))

P i1, (6) =
Then, note that

(P, (6) — k) > Pr|,32 (a;; =0Vt <t |a;=0,Vt < 1) (Pyr 1, (6) — k),
if and only if

0, F1 (&0 (£ (1)) + (1= ) (1= O1) = k (0@, Fi (£, (£ (1)) + (1= @) (1= O1)) + (e, Fo (&4, (£ (1)) + (1 = @) (1 = O)

> 0(an Fi(&n(£ (1) + (1 - ay)(1-0)) -k (g(a/tzFl (&, (£ (1)) + (1= 1)) (1= 0})) + (@1, Fo (&, (£ (12)) + (1 = @) (1 = Q?/))) .

If ¢ is sufficiently close to 7;, this inequality is satisfied if

(1= Fo&) = [ A0 foEnodt|

0>
(1= Fi@)) = [ M0, fi()gode| =

8)
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As 1—F| > 1 - Fy, the right-hand side is smaller than %, for each r when ¢’ is sufficiently small.
Consider 6 < 6" = &, that satisfies X, = 6. Then, the agent receiving 6 announces at time #’.
If p = 0 and 6 is sufficiently close to 8%, as (8) is satisfied, the expected utility of announcing
at time ¢, is greater than that of announcing at time #’. Then, when 15,2(9) < k, the agent is

incentivized to deviate by announcing at period #;. O

C. The existence of the equilibrium

This section proves the existence of X and X, defined in (1) and (2).

Proposition 8. Assume Assumption 1. Suppose that { is continuous. Then, (X;) that satisfying

(1) exists. Moreover, X; is continuous in t.

Proof of Proposition 8. Define functional G as

_aFo(p) + (1 -a)(1-07) k

= G+ (= —oD T-k

Then, £ is a fixed point of G. The remainder of this proof demonstrates the existence of the
fixed point.

Following Lemma 3(d) G[£](¢) € (6, 6). Furthermore, if %, is continuous in ¢, G[£](7) is
continuous in ¢.

Let C! = {h € [0,0]'Z"] : his continuous}. Then, C! is convex and nonempty. Now we
show that the restriction of G to [T, 1*], G|, [C'] is well-defined self map on C', bounded,
and equicontinuous. As Q) depends on (£;).<, but is independent of (£;).>/, G| (r.+11C 1, ()

is well-defined for each ¢ < #*. Then, G|, [C 1 ¢ C'. Boundedness is already shown
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above. We prove the equicontinuity. As {(¢) =T for each t < t*, by using Taylor expansion,

X — 0"
G[)?](r)—G[)e](t'):lktl(t_t,)(Fo(xZ) 1 QI)

Fi(tr) 1-0!
(1-Fo(&))(1 -0 + (1= Fy(%))(1-0% (-1
(1-0/)?

+ (1 —«y) e_A(’)/lt_
where 11,13 € (1,1),
& = AlaF (G (1= 0D + (1= a) i Gp) (1= Fi(&r)e ™01,

and A = (a:Fi(%z()) + (1 — ar)(1 — @1))~2. Note that by MLHP, Fy > Fy, and Q! > Q.
Following Lemma 3, Qt1 < 1 for each tr and V. Then, there is a positive number, M,
which is independent of £, such that |G[£](¢) — G[£](¥')| < M|t —'|. Then, G|r [ch
is equicontinuous. By the Arzeld and Ascoli theorem, G|r,[C 11 is compact. Then, the
Schauder’s fixed point theorem'* implies that G|[r ] has a fixed point. Let £' = (£])7,+ be
the fixed point.

The remainder of the proof constructs the fixed point of the restriction of G to partitioned
subintervals of [T,T].

Foreachn =2,3,...,lety (1) = ¢71(1), ¥ (1) =y (y" (1)) foreach n € N, ° be identity,

and define
C? = {h € [6,6] W) (O] . s continuous with oy = xio(ﬁ)} :

We construct the fixed point of G| {0+ g1+ With fixing (£,),;<, = ()2} )i<r+- Using a similar
method, we demonstrate that G/|y0¢+) () 18 @ well-defined self map on C? and bounded.

The equicontinuity is shown as follows. Consider & € C2. Then, by the Taylor expansion we

14See, e.g., Ok (2006), p. 627.
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have that

FO(x{(t)) 1 —Q?)
PN 1
Fl(xg(t)) 1- Qt

, SRl (Rl a(1-09)/(1-0}) ‘- t,)} k

Gl[z//"(t*),w‘(t*)] [l’l] (t) - Gl[l{/()(l‘*),llll(l‘*)] [l’l] (t/) = [k[l (t - t/)

ot Z(t) Z(t’))+(1 K1) ot 1=k’
where 1, 1,13 € (t,1") and

l
t t
4() g )(1- 0}

Ke = Ala. Fy ()?{(z))(l - ) +a, (1 —a) fi (Xg(z)) Y P

+a; (1 —a)F1 (X)) (1 = Fy (ﬁg(z)))e_/\(t)/lt}-

Ast <yl (t*) = 71(t"), £(1) < t*. Then, )Eé is independent of the choice of 4 € C?. Then,

(1)
as £! and { are continuous, we also show a positive number, M, which is independent of 4, such
that |G[h](7) — G[h](¢')| < M|t —¢’|. This shows the equicontinuity of G|[,0¢+) 1)1 [C2l-
Applying the same method for n = 1, we can show the existence of the fixed point x*> =
(Xo)refyo)t))-

Now for each n, define

c" {h e [0, 9] [w" 24" ) . p is continuous with hyn-2p+y = an 20*)} .
By applying the same method for n = 2, we can construct " = (£;);c[yn-2() yn-1(+)] € C"
that satisfies 2" = G|[yn-2(s+) yn-1 () [£"] for each n € N. Then, defining £ = = (x1,%2,...),

A

X = G[x], which concludes the proof. O

Proposition 9. Assume Assumption 1. Suppose that éik 0. Then, (X;) that satisfies (2)

exists.
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Proof. Define

aFo(&(@) +(1-a)(1-0% &k

SO o) (—api-oh -k

Let C = {h € 6, 5] [I’T]}. As in the proof of Proposition 8§, G is a self map on C. Moreover,
G is continuous with product topology. As C is convex and compact with product topology

(Tychonoff theorem), a fixed point of G exists. m|
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