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Abstract 

This paper sets an endogenous fertility model with human capital accumulation and 

monetary policy in a closed economy, with subsequent examination of how fertility, 

education investment for children, and the inflation rate change. Results of theoretical 

analysis indicate that the child allowance raises fertility and reduces educational 

investment. However, the effect of the subsidy for education investment on fertility and 

educational investment is ambiguous because of the closed economy. Because of the 

change of fertility and income growth, the inflation rate can be changed by the child care 

policy. An increase in monetary stock policy raises human capital growth because the 

physical capital accumulation is facilitated. 
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1. Introduction 

This paper sets an endogenous fertility model with human capital accumulation and 

monetary policy in a closed economy. Because of the closed economy, the child care policy 

effects on income growth and other indicators differ from those that occur in a small open 

economy. Because of a change of physical capital stock per capita, this paper presents a 

derivation showing that the subsidy for education investment can not raise the human 

capital growth rate (income growth rate) because substitution between quality and 

quantity of children reduces the quantity cost of children. 

Moreover, this paper presents examination of the effect of child care policy on the 

inflation rate. The child care policy changes fertility and income growth. The inflation 

rate changes because the demand for money stock changes. An increase in monetary 

stock policy raises the human capital growth rate because of physical capital 

accumulation: the cost to have money as a nominal asset increases; also, the household 

seeks to accumulate more real assets. 

Many related papers have described examinations of the effects of child care policies 

on fertility and education investment for children. Van Groezen, Leers and Meijdam 

(2003) and Yasuoka and Goto (2011) derive that a child allowance raises fertility in a 

small open economy. In a closed economy, a child allowance can not always raise fertility, 

as demonstrated by van Groezen and Meijdam (2008), Fanti and Gori (2009), and 

Yasuoka and Goto (2015) because of the effect that the household income is reduced by 

the child allowance. Miyazaki (2013) examines how the pension contribution rate affects 

fertility. 

Subsidies for educational investment is mainly examined in human capital growth 

models. Glomm and Ravikumar (1992) set public education investment such that the 

education cost is fully covered by the government expenditure. They examine how the 

income growth rate and inequality. Zhang (1997) and Yasuoka and Miyake (2014) set the 

endogenous fertility model with human capital growth and derive the effects of a child 

allowance and education subsidies on fertility and the human capital growth rate: that 

is, income growth in the small open economy. De la Croix and Doepke (2003) examine a 

closed economy model that incorporates quality and quantity of children. Nevertheless, 

the effect of a child care policy is not examined sufficiently. 

This paper presents consideration of how monetary policy affects fertility and the 

income growth rate. If the inflation rate is changed by the monetary policy, then the 

physical capital stock changes because the household changes the asset allocation for 

real assets as physical capital investment and nominal assets as money. Because of a 

change of physical capital stock, the wage rate and interest rate change and the child 
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care cost to have children change via the child care service cost or opportunity cost. An 

increase in the money stock policy raises the inflation rate. Therefore, the physical 

capital stock increases because inflation decreases the value of money stock as an asset. 

Then, the income growth rate increases because the physical capital stock increases the 

child care cost to have children and increases educational investment raising the quality 

of children because of the substitution of quality and quantity of children. 

Many related papers describe studies of money and inflation. Mino and Shibata 

(1995) derive the manner in which monetary policy affects income growth. The optimal 

monetary policy is derived by De Gregorio (1993) and Bhattacharya, Haslag and Martin 

(2009). Yasuoka (2018) demonstrates that the optimal monetary policy is determined by 

the level of pay-as-you-go pension. Yakita (2006) sets the endogenous growth model with 

monetary assets. An increase in life expectancy affects the inflation rate and the income 

growth rate. Fanti (2012) and Chang, Chen and Chang (2013) set an endogenous fertility 

model with monetary stock and derive that an increase in the money stock affects fertility. 

This paper presents consideration of human capital accumulation as the quality of 

children and derives that human capital accumulation is facilitated by increased effects 

of monetary policy. 

The inflation rate is determined by a rate of increase of the nominal monetary stock, 

fertility (population growth), and human capital growth (income growth) in this model. 

However, the effect of child care policy on the inflation rate is generally ambiguous 

because, for instance, a child allowance raises fertility and reduces human capital growth, 

which moves conversely. 

The ambiguous results obtained using the theoretical analysis are clarified by 

numerical examples with realistic parameters. Then, both the child allowance and the 

education subsidy decrease the inflation rate: a deflationary effect occurs. Therefore, 

monetary policy makers must consider this effect if adopting an inflation-targeting policy. 

The remainder of this paper is presented follows. Section 2 presents the model. 

Section 3 explains derivation of the equilibrium. Section 4 examines how the child 

allowance, education subsidy, an increase in money stock policy and pension policy affect 

fertility, the human capital growth rate (income growth rate), inflation, and the physical 

capital stock per unit of effective labor. In section 5, numerical examples verify the result 

obtained in section 4 in the realistic dataset. The final section concludes this paper. 

 

2. Model 

As described in this paper, the model includes agents of three types : households, firms, 

and a government. 
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2.1 Household 

Households exist in three periods: childhood, adulthood, and the old period. In childhood, 

individuals receive education investment from their parents in childhood. In adulthood, 

the individuals decide the number of children ݊௧, education investment for children ݁௧, 

the demand for real money stock per capita ݉௧, consumption in the adulthood ܿଵ௧, and 

saving ݏ௧ for consumption in the old period ܿଶ௧ାଵ. Here, ݐ denotes the period. For these 

analyses, we use a three-period overlapping generations model: In any ݐ  period, 

children, younger people and older people all co-exist. The budget constraint in 

adulthood is 

௧ݏ ൌ ௧݄௧ݓ െ ܿଵ௧ െ ሺݖ௧ െ ௧ሻ݊௧ݍ െ ሺ1 െ ௧ሻ݁௧݊௧ݔ െ ݉௧ െ ௧ܶ. (1) 

In that equation, ݖ௧ denotes the child care cost for a child. With child allowance ݍ௧, the 

net child care cost is given as ݖ௧ െ  ௧ represents the subsidy rate forݔ ,௧. In the equationݍ

education investment. ݓ௧ and ݄௧ respectively denote the wage rate per unit of effective 

unit of labor and human capital stock. ௧ܶ stands for the lump sum tax to provide for 

child care policies. 

In the old period, the budget constraint is given as 

ሺ1 ൅ ௧ݏ௧ାଵሻݎ ൅
݉௧

1 ൅ ௧ାଵߨ
൅ ௧ାଵ݌ ൌ ܿଶ௧ାଵ. (2) 

As shown there, ݎ௧ାଵ and ߨ௧ାଵ denote the real interest rate and the inflation rate. In 

the old period, individuals obtain pension benefit ݌௧ାଵ. 

Considering (1) and (2), the lifetime budget constraint can be reduced. 

௧݄௧ݓ െ ௧ܶ ൅
௧ାଵ݌

1 ൅ ௧ାଵݎ

ൌ ൬1 െ
1

ሺ1 ൅ ௧ାଵሻሺ1ݎ ൅ ௧ାଵሻߨ
൰݉௧ ൅ ܿଵ௧ ൅

ܿଶ௧ାଵ
1 ൅ ௧ାଵݎ

൅ ሺݖ௧ െ ௧ሻ݊௧ݍ

൅ ሺ1 െ  .௧ሻ݁௧݊௧ݔ

(3) 

The human capital accumulation of children is formed by the input of education 

investment and parental human capital stock. It is assumed as 

݄௧ାଵ ൌ ௧݁ܪ
ఌ݄௧

ଵିఌ, 0 ൏ ,ܪ 0 ൏ ߝ ൏ 1. (4) 

Parents care for the number of children, human capital of children, money stock, 

and the consumption. The utility function is assumed as1 

௧ݑ ൌ ௧݄௧ାଵ݈݊݊ߙ ൅ ሺ1 െ ሻ݈݊݉௧ߙ ൅ ݈݊ܿଵ௧ ൅ ,ଶ௧ାଵ݈ܿ݊ߩ 0 ൏ ߙ ൏ 1, 0 ൏ ߩ ൏ 1. (5) 

The optimal allocations to maximize utility (5) subject to the lifetime budget 

constraint (3) are expressed as presented below: 

                                                  
1 This paper assumes the money in the utility model as assumed by Sidrauski (1967), Yakita (2006), 
Walsh (2010), and others. 
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݊௧ ൌ
ሺ1ߙ െ ሻߝ

௧ݖ െ ௧ݍ

1
2 ൅ ߩ

൬ݓ௧݄௧ െ ௧ܶ ൅
௧ାଵ݌

1 ൅ ௧ାଵݎ
൰, (6) 

݁௧ ൌ
௧ݖሺߝ െ ௧ሻݍ

ሺ1 െ ሻሺ1ߝ െ ௧ሻݔ
, (7) 

ܿଵ௧ ൌ
1

2 ൅ ߩ
൬ݓ௧݄௧ െ ௧ܶ ൅

௧ାଵ݌
1 ൅ ௧ାଵݎ

൰, (8) 

ܿଶ௧ାଵ ൌ
ሺ1ߩ ൅ ௧ାଵሻݎ

2 ൅ ߩ
൬ݓ௧݄௧ െ ௧ܶ ൅

௧ାଵ݌
1 ൅ ௧ାଵݎ

൰, (9) 

݉௧ ൌ
1 െ ߙ
2 ൅ ߩ

௧݄௧ݓ െ ௧ܶ ൅
௧ାଵ݌

1 ൅ ௧ାଵݎ

1 െ
1

ሺ1 ൅ ௧ାଵሻሺ1ݎ ൅ ௧ାଵሻߨ

, (10) 

 

2.2 Firms 

Final goods are produced by inputting physical capital stock ܭ௧. The effective labor ܮ௧ ൌ

௧݄ܰ௧. ௧ܰ denotes the population size of younger people in period t. Production function 

௧ܻ is assumed as presented below: 

௧ܻ ൌ ௧ܭܣ
ఏܮ௧

ଵିఏ, 0 ൏ ,ܣ 0 ൏ ߠ ൏ 1. (11) 

Assuming a perfectly competitive market, the wage rate and the interest rate are 

given by marginal productivity as 

௧ݓ ൌ ሺ1ܣ െ ሻ݇௧ߠ
ఏ, (12) 

1 ൅ ௧ݎ ൌ ௧݇ߠܣ
ఏିଵ, (13) 

where ݇௧ ൌ
௄೟
௅೟௛೟

. For these analyses, we assume that the physical capital stock is fully 

depreciated in a single period. 

 

2.3 Government 

Government child care policies provide a child allowance and education subsidy. In 

addition to these policies, a pension benefit is provided for older people. We respectively 

consider a child allowance ݍ௧ ൌ ௧݄௧ݓതݍ , education subsidy ݔ௧ ൌ  and pension benefit ,ݔ

௧ାଵ݌ ൌ ߬݊௧ݓ௧ାଵ݄௧ାଵ . Also, ݍത ݔ ,  and ߬  are, respectively, constant over time. With a 

balanced budget, the government budget constraint is given as 

௧ܶ ൌ ௧݄௧ݓതݍ ൅ ௧݊௧݁ݔ ൅  ௧݄௧. (14)ݓ߬

 

3. Equilibrium 

This section presents derivation of the equilibrium. This model includes the assumption 
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of the child care cost as ݖ௧ ൌ  ௧, theܭ is constant over time.2 Given ݄௧ and ̅ݖ ,௧݄௧. Alsoݓ̅ݖ

growth rate of human capital 1 ൅ ݃ is given as3 

1 ൅ ݃௧ ൌ
݄௧ାଵ
݄௧

ൌ ܪ ቆ
̅ݖሺߝ െ ௧ݓതሻݍ

ሺ1 െ ሻሺ1ߝ െ ሻݔ
ቇ
ఌ

. (15)

The inflation rate ߨ௧ାଵ is given by the following equation: 

݉௧ାଵ

݉௧
ൌ

1 ൅ ߤ
ሺ1 ൅ ௧ାଵሻ݊௧ߨ

, (16)

where ߤ represents the rate of increase of the aggregate nominal money stock.4 

The capital market equilibrium condition is given as ܭ௧ାଵ ൌ ௧ܰݏ௧ . Then, the 

following equation can be derived. 

௧ାଵܭ ൌ ௧ܰ

ۉ

ۈ
ۇ
൮1 െ

1 ൅ ߙ
2 ൅ ߩ

െ
1 െ ߙ
2 ൅ ߩ

1

1 െ
1

ሺ1 ൅ ௧ାଵሻሺ1ݎ ൅ ௧ାଵሻߨ

൲ ሺݓ௧݄௧ െ ௧ܶሻ

െ
1

2 ൅ ߩ
௧ାଵ݌

1 ൅ ௧ାଵݎ
൮1 ൅ ߙ ൅

1 െ ߙ

1 െ
1

ሺ1 ൅ ௧ାଵሻሺ1ݎ ൅ ௧ାଵሻߨ

൲

ی

ۋ
ۊ
, 

(17)

Considering ݇௧ ൌ
௄೟
ே೟௛೟

, the dynamics of ݇௧ is given as 

݊௧ሺ1 ൅ ݃௧ሻ݇௧ାଵ ൌ ቆ1 െ ଵାఈ

ଶାఘ
െ

ଵିఈ

ଶାఘ

ଵ

ଵି భ
ሺభశೝ೟శభሻሺభశഏ೟శభሻ

ቇ ቀݓ௧ െ
೟்

௛೟
ቁ 

െ
1

2 ൅ ߩ
௧ାଵ݌

1 ൅ ௧ାଵݎ
൮1 ൅ ߙ ൅

1 െ ߙ

1 െ
1

ሺ1 ൅ ௧ାଵሻሺ1ݎ ൅ ௧ାଵሻߨ

൲ 

(18)

Considering (6)–(10), (12)–(18), one obtains ܿ௧ାଵ, ݊௧, ݁௧,݉௧, ,௧ݓ ,௧ାଵݎ ݃௧, ,௧ାଵߨ ݇௧ାଵ for given 

݇௧. 

The balanced growth path can be given as ݇௧ାଵ ൌ ݇௧ ൌ ݇. Then, the growth rate of 

human capital ݃௧ is constant rate ݃. Without policy parameters, that is, ݍത ൌ ݔ ,0 ൌ 0 

                                                  
2 This paper assumes that the child care cost is proportional to the wage rate. This is a consistent 
assumption because the child care service is provided by nursing labor. The wage rate is a cost of 
providing childcare. Yasuoka and Miyake (2010) consider the labor market of child care services 
explicitly and derive that child care service costs depend on the wage rate. 
3 In this model, the growth rate of human capital coincides with the income growth rate. 
4 Defining ௧ܲ as the price level and ܯ௧ as the aggregate nominal money stock, respectively, we 
obtain ݉௧ ൌ

ெ೟

ே೟௉೟
. 
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and τ ൌ 0, the growth rate of human capital in the balanced growth path is given as 

1 ൅ ݃ ൌ ܪ ൬
ݓ̅ݖߝ
1 െ ߝ

൰
ఌ

. (19)

where  

ݓ ൌ ሺ1ܣ െ ሻ݇ఏ. (20)ߠ

In the balanced growth path, ௠೟శభ

௠೟
ൌ 1 ൅ ݃ holds. Considering (16), the inflation rate 

in the balanced growth path ߨ is  

1 ൅ ߨ ൌ
1 ൅ ߤ

ሺ1 ൅ ݃ሻ݊
, (21)

where 

݊ ൌ
ሺ1ߙ െ ሻߝ

̅ݖ
1

2 ൅ ߩ
. (22)

The interest rate in the balanced growth path is given as shown below. 

1 ൅ ݎ ൌ ఏିଵ. (23)݇ߠܣ

Substituting (19)–(23) into (18), the capital stock per unit of effective unit of labor 

can be derived such that the following equation holds:5 

ሺ1ܪߙ െ ሻߝ
ሺ2 ൅ ଵିఌሺ1ܣଵିఌ̅ݖሻߩ െ ሻଵିఌߠ

ቀ
ߝ

1 െ ߝ
ቁ
ఌ
݇ଵିఏሺଵିఌሻ

ൌ 1 െ
1 ൅ ߙ
2 ൅ ߩ

െ
1 െ ߙ
2 ൅ ߩ

1

1 െ

ሺ1ܪߙ െ ሻߝ
ଵିఌሺ2̅ݖ ൅ ሻߩ ൬

ሺ1ܣߝ െ ሻߠ
1 െ ߝ ൰

ఌ

݇ଵିఏሺଵିఌሻ

ሺ1ߠܣ ൅ ሻߤ

. (24)

Considering (19)–(24), we obtain ݓ, ,ݎ ݃, ,ߨ ݇, ݊ in the balanced growth path. 

 

4. Policy Effect 

In this section, this paper presents an examination of how policies such as an increase 

in money stock, child allowance, education subsidy and pension benefit affect the income 

growth rate, fertility and inflation. 

 

4.1 Increase in the Money Stock 

This subsection presents an examination of the effect of an increase in money stock on 

the income growth rate, inflation rate, and other factors. 

Defining the left-hand side of (24) as L and the right-hand side of (24) as R, 

respectively, one can obtain the unique steady state as shown in Fig. 1. 

 

                                                  
5 See Appendix for the detail proof of local stability condition. 
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[Insert Fig. 1 around here.] 

 

R shifts up and the physical capital stock per unit of effective labor increases because 

the intersection moves to right if the rate of an increase in aggregate nominal money 

stock ߤ rises as the monetary policy. Then, with (19) and (20), the human capital growth 

rate or income growth rate ݃  rises. However, the effect on the inflation rate is 

ambiguous. 

Substituting (19), (20), and (22) into (21), with total differentiation with respect to 

,ߨ ,ߤ ݇, one obtains ௗగ
ௗఓ

 as 

ߨ݀
ߤ݀

ൌ
1

݊ሺ1 ൅ ݃ሻ
ቆ1 െ

ሺ1ߠߝ ൅ ሻߤ

݇
ቇ. (25)

With ݇ ൐ ሺ1ߠߝ ൅ ሻ, one can obtain ௗగߤ
ௗఓ
൐ 0: that is, an increase in money stock policy 

raises the inflation rate. Consequently, the following proposition can be established. 

 

Proposition 1 

If the rate of an increase in aggregate money stock rises, then the growth rate of human 

capital and the physical capital stock per unit of effective labor increase. The inflation 

rate increases if ݇ ൐ ሺ1ߠߝ ൅  .ሻߤ

 

With an increase in money stock, the education investment for children increases 

because an increase in the wage rate caused by an increase in capital stock per unit of 

effective labor raises the cost to increase the number of children. As a result, because of 

substitution between the quality of children and the quantity of children, education 

investment increases and the human capital growth rate or income growth rate increases. 

In this policy, fertility does not change because both the child care cost and wage income 

increase. These increases are cancelled out. 

 

4.2 Child Allowance 

This subsection presents an examination of the child allowance effect. Then, the 

government budget constraint (14) changes to the following equation as 

௧ܶ ൌ  ௧݄௧. (26)ݓതݍ

Considering (6) and (26), we obtain the following fertility. An increase in child 

allowance level ݍത raises fertility. 
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݊ ൌ

ሺ1ߙ െ ሻߝ
2 ൅ ߩ

̅ݖ െ ൬1 െ
ሺ1ߙ െ ሻߝ
2 ൅ ߩ ൰ݍത

. (27) 

With total differentiation of (15) with respect to g, ,തݍ ݇, one obtains the following: 

݀݃
തݍ݀

ൌ െ
ሺ1ߝ ൅ ݃ሻ

̅ݖ
൅
ሺ1ߠߝ ൅ ݃ሻ

݇
݀݇
തݍ݀
. (28) 

The physical capital stock is given such that the following equation holds. 

݊ሺ1 ൅ ݃ሻ݇ ൌ ൮1 െ
1 ൅ ߙ
2 ൅ ߩ

െ
1 െ ߙ
2 ൅ ߩ

1

1 െ
1

ሺ1 ൅ ሻሺ1ݎ ൅ ሻߨ

൲ ሺ1 െ (29) .ݓത݊ሻݍ

Regarding the variables therein, 1 ൅ ,ݓ,݃ 1 ൅ ,ߨ 1 ൅ ,ݎ ݊ are given respectively as (15), 

(20), (21), (23), and (27). From total differentiation of (15), (20), (21), (23), (27), and (29) 

with respect to ݇, 1 ൅ ,ݓ,݃ 1 ൅ ,ߨ 1 ൅ ,ݎ ݊, ത, one can obtain ௗ௞ݍ
ௗ௤ത

 as6 

݀݇
തݍ݀

ൌ െ

݊

ۉ

ۈ
ۇ
൬1 െ

ሺ1ߙ െ ሻߝ
2 ൅ ߩ െ ൰ߝ

1 ൅ ݃
̅ݖ

ۉ

݇ۇ
ݓ ൅

ሺ1 െ ሻߙ ൬1 െ
݊ሺ1 ൅ ݃ሻ

ሺ1 ൅ ሻሺ1ݎ ൅ ሻ൰ߤ
ିଶ

ሺ2 ൅ ሻሺ1ߩ ൅ ሻሺ1ߤ ൅ ሻݎ
ی

ۊ ൅ ൮1 െ
1 ൅ ߙ
ሺ2 ൅ ሻߩ െ

1 െ ߙ
2 ൅ ߩ

1

1 െ
1

ሺ1 ൅ ሻሺ1ݎ ൅ ሻߨ

൲

ی

ۋ
ۊ

ଵܺ

(30)

where 

ଵܺ ൌ ݊ሺ1 ൅ ݃ሻ൫1 െ ሺ1ߠ െ ሻ൯ߝ ൬
ଵ

௪
൅

ሺଵିఈሻ

ሺଶାఘሻሺଵାఓሻ஺ఏ௞ഇ
ቀ1 െ

݊ሺ1൅݃ሻ

ሺ1൅ݎሻሺ1൅ߤሻ
ቁ
െ2

൰ ൐ 0 . (31)

The sign of ௗ௞
ௗ௤ത

 is always negative ௗ௞
ௗ௤ത
൏ 0. The child allowance reduces the capital 

stock per unit of effective labor. Because of ௗ௞
ௗ௤ത

, one can obtain ௗ௚
ௗ௤ത
൏ 0. The human capital 

growth rate decreases. Actually, the child allowance reduces educational investment 

directly because of a decrease in child care cost to increase in the number of children. 

This result is the same as that reported by Zhang (1997). Even extending the model for 

the closed economy, we obtain the same result that the child allowance reduces the 

human capital growth rate. 

From (21), the effects on the inflation rate are 

                                                  
6 See the Appendix for total differentiation. 
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ߨ݀
തݍ݀

ൌ ሺ1 ൅ ሻ൮ߨ
െ൬1 െ

ሺ1ߙ െ ሻߝ
2 ൅ ߩ ൰ ൅ ߝ

̅ݖ
െ
ߠߝ
݇
݀݇
തݍ݀
൲. (32)

The sign of ௗగ
ௗ௤ത

 is ambiguous. The child allowance increases fertility, which reduces the 

inflation rate. The term of ఌ
௭̅
െ

ఌఏ

௞

ௗ௞

ௗ௤ത
 shows the positive effect on the inflation rate via the 

change of the human capital growth rate. Consequently, the following proposition can be 

established. 

 

Proposition 2 

The child allowance can raise fertility and reduce the capital stock per unit of effective 

labor and the human capital growth rate. The inflation rate effect is ambiguous. 

 

Child allowance effects on fertility are reported in many related papers such as those 

by van Groezen, Leers and Meijdam (2008), and Yasuoka and Goto (2011). Considering 

the closed economy, the negative effect of the child allowance on the human capital 

growth rate is magnified because the wage rate, regarded as the child care cost to have 

children decreases. As a result of ௗ௞
ௗ௤ത
൏ 0, substitution of the quantity and quality of 

children occurs. 

 

4.3 Education Subsidy 

This subsection presents derivation of how the education subsidy affects the capital stock 

per unit of effective labor, the human capital growth rate, fertility, and the inflation rate. 

The government budget constraint (14) is given by the following: 

௧ܶ ൌ ௧݊௧݁ݔ ൌ
௧݄ݓ̅ݖߝݔ

ሺ1 െ ሻሺ1ߝ െ ሻݔ
݊. (33)

Then, fertility is given as 

݊ ൌ
ሺ1ߙ െ ሻߝ

ሺ2̅ݖ ൅ ሻߩ
൬1 െ

̅ݖߝݔ
ሺ1 െ ሻሺ1ߝ െ ሻݔ

݊൰ → ݊ ൌ
ሺ1ߙ െ ሻߝ

ሺ2̅ݖ ൅ ሻߩ ൬1 ൅
ݔߝߙ

ሺ2 ൅ ሻሺ1ߩ െ ሻ൰ݔ
. (34)

Therefore, we obtain ௗ௡
ௗ௫
൏ 0, i.e., the education subsidy decreases fertility. Zhang 

(1997) shows that fertility decreases because of the substitution between the quality and 

quantity of children. However, the analyses presented herein yield the same result 
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because of the tax burden imposed to support education policy. 

Substituting (33) and ݌௧ାଵ ൌ 0 into (18) and performing total differentiation with 

respect to ݔ, ݇ at the approximation of ݔ ൌ 0, one obtains ௗ௞
ௗ௫
. The numerator of ௗ௞

ௗ௫
 is7 

݀݇
ݔ݀

ൌ
ܺଶ
ଵܺ
൏ 0, (35) 

where 

ܺଶ ൌ െ൬1 െ
ߙ

2 ൅ ߩ
൰ቆ

1 െ ߙ
ሺ2 ൅ ሻሺ1ߩ ൅ ሻሺ1ݎ ൅ ሻߤ

൬1 െ
1

ሺ1 ൅ ሻሺ1ݎ ൅ ሻߨ
൰
ିଶ

൅
݇
ݓ
ቇ ሺ1݊ߝ ൅ ݃ሻ

െ
ߝߙ
2 ൅ ߩ

൮1െ
1൅ ߙ
ሺ2 ൅ ሻߩ

െ
1 െ ߙ
2 ൅ ߩ

1

1െ 1
ሺ1 ൅ ሻሺ1ݎ ൅ ሻߨ

൲ ൏ 0. 

(36)

Then, the sign of (36) is negative. The subsidy for education investment reduces the 

physical capital stock per unit of effective labor. Then, human capital accumulation does 

not always increase because 

݀݃
ݔ݀

ൌ ሺ1ߝ ൅ ݃ሻ ൬
ߠ
݇
݀݇
ݔ݀

൅ 1൰. (37) 

Because of ௗ௞
ௗ௫
൏ 0 , the sign of (37) is ambiguous even if the subsidy for education 

investment has a direct positive effect on the human capital growth rate. Moreover, the 

effect on the inflation rate is ambiguous because 

ߨ݀
ݔ݀

ൌ ሺ1ߝ ൅ ሻߨ ൬
ߙ

2 ൅ ߩ
െ
ߠ
݇
݀݇
ݔ݀

െ 1൰. (38) 

The decrease in fertility raises the inflation rate, as shown by the first term. The 

second and third terms represent the effect of income growth on the inflation rate. An 

increase in the income growth rate reduces the inflation rate. However, because ௗ௞
ௗ௫
൏ 0, 

the negative effect of income growth rate on the inflation rate is weakened. Then, the 

following proposition can be established. 

 

Proposition 3 

The subsidy for education decreases fertility. The physical capital stock per unit of 

effective labor decreases. Therefore, because ௗ௞

ௗ௫
൏ 0 , the subsidy for education 

investment can not always raise the human capital growth rate. The effect on the 

                                                  
7 See the Appendix for total differentiation. 
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inflation rate is ambiguous. 

 

As shown by Zhang (1997), Yasuoka and Miyake (2014), and others, the subsidy for 

education investment can raise the human capital growth rate in a small open economy 

for which physical capital accumulation is not considered. However, considering physical 

capital accumulation as shown by my paper, the human capital growth rate does not 

always increase because the cost to increase the number of children changes. This cost 

affects education investment for children. 

 

4.4 Pension Policy 

The final subsection presents examination of the effects of a pension on fertility, the 

human capital growth rate, the physical capital stock per capita, and the inflation rate. 

From (14), the government budget constraint is given as 

௧ܶ ൌ  ௧݄௧. (39)ݓ߬

The pension benefit is given by ݌௧ ൌ  ௧݄௧. Then, fertility (6) isݓ݊߬

݊ ൌ
ሺ1ߙ െ ሻߝ

ሺ2̅ݖ ൅ ሻߩ
ቆ1 െ ߬ ൅

߬݊ሺ1 ൅ ݃ሻ

1 ൅ ݎ
ቇ. (40) 

  Also, ௗ௡
ௗఛ

 can be derived as 

݀݊
݀߬

ൌ
ሺ1ߙ െ ሻߝ

ሺ2̅ݖ ൅ ሻߩ
ቆ
݊ሺ1 ൅ ݃ሻ

1 ൅ ݎ
െ 1ቇ. (41)

With ௡
ሺଵା௚ሻ

ଵା௥
െ 1 ൐ 0, an increase in ߬ raises the household lifetime income by virtue of 

an increase in pension benefit: fertility increases.8 

Substituting (26) and ݌௧ାଵ ൌ 0 into (18), with total differentiation with respect to 

߬, ݇ at the approximation of ߬ ൌ 0, ௗ௞
ௗఛ

 can be obtained as9 

݀݇
݀߬

ൌ െ
ܺଷ
ଵܺ
. (42)

where 

                                                  
8 This result can be obtained generally. The condition of ௡

ሺଵା௚ሻ

ଵା௥
െ 1 ൐ 0  dictates that the pension 

benefit is greater than the interest rate for saving and dictates the lifetime income increases. By virtue 
of the increase in lifetime income, fertility increases. 
9 See the Appendix for total differentiation. 
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ܺଷ ൌ 1 െ
1 ൅ ߙ
ሺ2 ൅ ሻߩ

െ
1 െ ߙ

2 ൅ ߩ

1

1 െ
1

ሺ1 ൅ ሻሺ1ݎ ൅ ሻߨ

൅

݊ሺ1 ൅ ݃ሻቌ1 ൅ ߙ ൅
1 െ ߙ

1 െ
1

ሺ1 ൅ ሻሺ1ݎ ൅ ሻߨ

ቍ

ሺ1 ൅ ሻሺ2ݎ ൅ ሻߩ
 

൅݊ሺ1 ൅ ݃ሻ ቀ
௡ሺଵା௚ሻ

ଵା௥
െ 1ቁ ቀ

௞

௪
൅

ଵିఈ

ሺଵା௥ሻሺଵାఓሻሺଶାఘሻ
ቁ ቀ1 െ

ଵ

ሺଵା௥ሻሺଵାగሻ
ቁ
ିଶ

. 

(43)

Then, the sign of (42) is ambiguous. One can obtain ௗ௞

ௗఛ
൏ 0  because fertility 

increases and the physical capital stock per unit of effective labor decreases if ௡
ሺଵା௚ሻ

ଵା௥
െ

1 ൐ 0. Then, human capital accumulation does not always increase because of  

݀݃
݀߬

ൌ
ߠߝ
݇
݀݇
݀߬
. (44)

As long as ௗ௞
ௗఛ
൏ 0, the sign of (44) is negative. A decrease in the physical capital stock 

per unit of effective labor decreases the child care cost to increase the number of children. 

The household reduces educational investment because of substitution between quality 

and quantity of children. Moreover, the effect on the inflation rate is ambiguous because 

ߨ݀
݀߬

ൌ െሺ1 ൅ ሻቆߨ
݊ሺ1 ൅ ݃ሻ

1 ൅ ݎ
െ 1 ൅

ߠߝ
݇
݀݇
݀߬
ቇ. (45)

An increase in fertility raises the inflation rate, as shown by the term of ௡
ሺଵା௚ሻ

ଵା௥
െ 1. 

The term of ఌఏ
௞

ௗ௞

ௗఛ
 is the effect of income growth on the inflation rate. Then, the following 

proposition can be established. 

 

Proposition 4 

In the case of ௡
ሺଵା௚ሻ

ଵା௥
െ 1 ൐ 0, an increase in contribution rate ߬ decreases the physical 

capital stock per unit of effective labor. Fertility increases and the human capital growth 

rate decreases. The effect on the inflation rate is ambiguous. 

 

One might state from intuition that the condition to increase fertility and the income 

growth rate depends on ௡
ሺଵା௚ሻ

ଵା௥
െ 1 ൐ 0. However, because fertility and the income growth 

rate change conversely to each other, the effect on the inflation rate is ambiguous. Fanti 
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and Gori (2010), Miyazaki (2013), and others examine how the contribution rate of a pay-

as-you-go pension affects the lifetime income. Given the parameter conditions, an 

increase in the contribution rate raises the pension benefit and lifetime income. An 

increase in fertility occurs because an increase in lifetime income deriving from an 

increase in the contribution rate reduces the physical capital stock per unit of effective 

labor. A decrease in physical capital stock per unit of effective labor reduces the child 

care cost to have children. The educational investment decreases because of the high cost 

of raising the quality of children. 

My paper presents consideration of a closed economy in which physical capital 

accumulation is considered. Being different from the small open economy, the effects of 

the policies on the endogenous variables are complicated. Therefore, we can not consider 

the intuitive policy effects. In the next section, we examine policy effects using numerical 

examples. 

 

5. Numerical Example 

This section presents numerical examples with the model based on realistic parameters. 

The model economy is given by the following equations. 

• Capital market (18) 

݊ሺ1 ൅ ݃ሻ݇ ൌ ൮1 െ
1 ൅ ߙ
2 ൅ ߩ

െ
1 െ ߙ
2 ൅ ߩ

1

1 െ
1

ሺ1 ൅ ሻሺ1ݎ ൅ ሻߨ

൲൬ݓ െ
ܶ
݄௧
൰

െ
ሺ1ݓ݊߬ ൅ ݃ሻ
ሺ2 ൅ ሻሺ1ߩ ൅ ሻݎ

൮1 ൅ ߙ ൅
1 െ ߙ

1 െ
1

ሺ1 ൅ ሻሺ1ݎ ൅ ሻߨ

൲. 

(46) 

• Fertility rate (6) 

݊ ൌ
ሺ1ߙ െ ሻߝ

̅ݖ െ തݍ
1

2 ൅ ߩ
ቆ1 െ

ܶ
௧݄ݓ

൅
߬݊ሺ1 ൅ ݃ሻ

1 ൅ ݎ
ቇ. (47) 

• Government budget constraint (14) 

ܶ
݄௧
ൌ ቆݍത ൅ ݔ

̅ݖሺߝ െ തሻݍ
ሺ1 െ ሻሺ1ߝ െ ሻݔ

݊ ൅ ߬ቇ(48) .ݓ 

• Income growth rate (15) 

1 ൅ ݃ ൌ
݄௧ାଵ
݄௧

ൌ ܪ ቆ
̅ݖሺߝ െ ݓതሻݍ

ሺ1 െ ሻሺ1ߝ െ ሻݔ
ቇ
ఌ

. (49) 

• Wage rate (20) 

ݓ ൌ ሺ1ܣ െ  ሻ݇ఏ. (50)ߠ

• Inflation rate (21) 
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1 ൅ ߨ ൌ
1 ൅ ߤ

ሺ1 ൅ ݃ሻ݊
, (51) 

• Interest rate (23) 

1 ൅ ݎ ൌ  ఏିଵ. (52)݇ߠܣ

 

We set the parameter as the following table. 

 

[Insert Table 1 around here.] 

 

In OECD countries, no population growth exists: ݊ ൌ 1. The income growth rate is 

about 2.0% per year. Considering a period in the overlapping generations model as thirty 

years: 1 ൅ ݃ ൌ 1.81. Furthermore, the interest rate is about 1.0% per year in OECD 

countries, that is, 1 ൅ ݎ ൌ 1.34.10 The inflation rate is about 2.0% per year, that is, 1 ൅

ߨ ൌ 1.81.11 Therefore, the remaining parameters that are consistent with these data are 

set as presented in Table 1. 

 

[Insert Fig. 2-5 around here.] 

 

Figure 2 portrays the monetary policy effects. We consider the policy parameter ߤ 

range as [2.2761, 1.1 ൈ 2.2761]. As shown by Fig. 2, an increase in the money stock raises 

the inflation rate. However, other variables do not change because the preference for 

money is very small in this realistic economy model. 

Figure 3 presents effects of the child allowance. We consider the policy parameter ݍത 

range as [0, 0.1̅ݖ]. As shown by Fig. 3, the child allowance raises fertility. However, the 

human capital growth rate decreases. The inflation rate decreases thanks to an increase 

in fertility. 

Figure 4 portrays the effects of an education subsidy. We consider the policy 

parameter ݔ range as [0, 0.1]. As shown by Fig. 4, an education subsidy raises the 

human capital growth rate and reduces fertility. Because of the strong effect on the 

human capital growth rate, the inflation rate decreases. 

  Figure 5 shows the effects of pension benefit increase. We consider the policy 

parameter range ߬ as [0, 0.1]. As shown by Fig. 5, the contribution rate raises fertility 

and reduces the human capital growth rate. The inflation rate increases. 

As shown in Fig. 2 – Fig. 5, the results obtained by numerical examples are 

                                                  
10 Data: OECD Statistics. 
11 The 2% target inflation policy is adopted by some OECD countries such as Japan and others. 



16 
 

consistent with the results obtained using the theoretical analysis. 

 

6. Conclusions 

This paper sets an endogenous fertility model with human capital accumulation and 

monetary policy in the closed economy. Because of the closed economy, the effects of the 

child care policy on the income growth and others differ from the case of small open 

economy. Because of a change of physical capital stock per unit of effective labor, this 

paper presents derivation by which the subsidy for education investment can not raise 

the human capital growth rate (income growth rate) because the substitution between 

quality and quantity of children reduces the cost of quantity for children. 

Moreover, this paper presents an examination of the effect of child care policy on the 

inflation rate. The child care policy changes fertility and income growth. Then, the 

inflation rate changes because the demand for money stock changes overtime. Therefore, 

if the government considers an inflation-targeting policy, then the effect of child care 

policies on the inflation rate via the effect on fertility and income growth rate should be 

considered. 

An increase in the nominal monetary stock policy raises the income growth rate 

because the investment for the physical capital stock increases as a consequence of a 

decrease in the cost of having a monetary stock. However, in the numerical examples, 

the preference for the monetary stock is extremely low. Consequently, the inflation effect 

on real assets is small. The change of the income growth rate is also very small. Therefore, 

child care policies should be adopted if government policy is designed to increase fertility 

or income growth to mitigate the effects of an aging society with fewer children. 
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Appendix 

Dynamics of k 

Total differentiation of (18) with respect to ݇௧ and ݇௧ାଵ at the balanced growth path 

without policy is given as 

݀݇௧ାଵ
݀݇௧

ൌ
݊ሺ1 ൅ ݃ሻߠሺ1 െ ሻߝ െ

ሺ1 െ ሻ݊ሺ1ߙ ൅ ݃ሻሺ1 െ ሻߠ
ሺ2 ൅ ሻሺ1ߩ ൅ ఏ݇ߠܣሻߤ

൬1 െ
1

ሺ1 ൅ ሻሺ1ݎ ൅ ሻ൰ߨ
ିଶ

݊ሺ1 ൅ ݃ሻ ൅
ሺ1 െ ሻ݊ሺ1ߙ ൅ ݃ሻሺ1 െ ሻߠ
ሺ2 ൅ ሻሺ1ߩ ൅ ఏ݇ߠܣሻߤ

൬1 െ
1

ሺ1 ൅ ሻሺ1ݎ ൅ ሻ൰ߨ
ିଶ . (A.1)

With െ1 ൏ ௗ௞೟శభ
ௗ௞೟

൏ 1, the balanced growth path is locally stable. 

 

Derivation of ࢑ࢊ
ഥࢗࢊ

 

From (27), one can obtain 

݀݊ ൌ
൬1 െ

ሺ1ߙ െ ሻߝ
2 ൅ ߩ ൰݊

̅ݖ
ത. (A.2)ݍ݀

Considering (20), (21), (23), (28), and (A.2), the left-hand-side of (29) is changed by total 

differentiation as 

ሺ1 ൅ ݃ሻ݊݇
̅ݖݓ

ቆ1 െ
ሺ1ߙ െ ሻߝ

2 ൅ ߩ
െ തݍቇ݀ߝ ൅

݊ሺ1 ൅ ݃ሻ൫1 െ ሺ1ߠ െ ሻ൯ߝ
ݓ

݀݇. (A.3)

  Total differentiation of the right-hand-side of (29) is reduced to the following: 

െ
ሺ1 െ ሺ1ߙሻߙ െ ሻߝ
ሺ2 ൅ ሻଶሺ1ߩ ൅ ߠܣሻߤ

ቆ1 െ
݊ሺ1 ൅ ݃ሻ

ሺ1 ൅ ሻሺ1ݎ ൅ ሻߨ
ቇ
ିଶ

ቆ
൫1 െ ሺ1ߠ െ ሻ൯ሺ1ߝ ൅ ݃ሻ݇ିఏ

̅ݖ
݀݇

൅
ሺ1 ൅ ݃ሻ݇ଵିఏ

ଶ̅ݖ
ቆ1 െ

ሺ1ߙ െ ሻߝ

2 ൅ ߩ
െ തቇݍቇ݀ߝ

൅ ݊൮1 െ
1 ൅ ߙ
ሺ2 ൅ ሻߩ

െ
1 െ ߙ

2 ൅ ߩ

1

1 െ
1

ሺ1 ൅ ሻሺ1ݎ ൅ ሻߨ

൲݀ݍത. 

(A.4) 

  From (A.3) and (A.4), one can obtain ௗ௞
ௗ௤ത

. 

 

Derivation of ࢑ࢊ
࢞ࢊ

 

From (34), one can obtain the following  

݀݊ ൌ െ
݊ߝߙ

ሺ2 ൅ ሻߩ
തݍ݀ ൌ െ

ሺ1ߝଶߙ െ ሻߝ

ሺ2̅ݖ ൅ ሻଶߩ
ത. (A.5)ݍ݀

Considering (15), (18), (20), (21), (23), (33), and (A.5), the left-hand-side of (18) is changed 
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by the total differentiation at the approximation of ௧ܶ ൌ 0 with respect to ݔ, ݇ as 

ሺ1ߝ ൅ ݃ሻ݊݇
ݓ

൬1 െ
ߙ

2 ൅ ߩ
൰݀ݔ ൅

݊ሺ1 ൅ ݃ሻ൫1 െ ሺ1ߠ െ ሻ൯ߝ
ݓ

݀݇. (A.6)

Total differentiation of the right-hand-side of (18) is reduced to 

െ
ሺ1 െ ሺ1ߙሻߙ െ ሻ݊ሺ1ߝ ൅ ݃ሻ

ሺ2 ൅ ሻሺ1ߩ ൅ ሻߤ
ቆ1 െ

݊ሺ1 ൅ ݃ሻ
ሺ1 ൅ ሻሺ1ݎ ൅ ሻߨ

ቇ
ିଶ

ቆ
1 െ ሺ1ߠ െ ሻߝ

ఏ݇ߠܣ
݀݇

൅
ߝ

1 ൅ ݎ
൬1 െ

ߙ
2 ൅ ߩ

൰݀ݔቇ

െ
ߝߙ
2 ൅ ߩ

൮1 െ
ߙ

ሺ2 ൅ ሻߩ
െ
1 െ ߙ

2 ൅ ߩ

1

1 െ
1

ሺ1 ൅ ሻሺ1ݎ ൅ ሻߨ

൲݀ݔ. 

(A.7)

From (A.6) and (A.7), one can obtain ௗ௞
ௗ௫

. 

 

Derivation of ࢑ࢊ
࣎ࢊ

 

Considering (18), (19), (20), (21), (23), (39), and (41), the left-hand-side of (18) is changed 

by total differentiation at the approximation of ௧ܶ ൌ 0 with respect to ߬, ݇ as follows: 

݊ሺ1 ൅ ݃ሻ൫1 െ ሺ1ߠ െ ሻ൯ߝ
ݓ

݀݇ ൅
݊ሺ1 ൅ ݃ሻ݇ ൬

݊ሺ1 ൅ ݃ሻ
1 ൅ ݎ െ 1൰

ݓ
݀߬. (A.8)

  Total differentiation of the right-hand-side of (18) is reduced to 

െ൮1 െ
ߙ

ሺ2 ൅ ሻߩ
െ
1 െ ߙ
2 ൅ ߩ

1

1 െ
1

ሺ1 ൅ ሻሺ1ݎ ൅ ሻߨ

൲݀߬ െ

݊ሺ1 ൅ ݃ሻ൮1 ൅ ߙ ൅
1 െ ߙ

1 െ
1

ሺ1 ൅ ሻሺ1ݎ ൅ ሻߨ

൲

ሺ1 ൅ ሻሺ2ݎ ൅ ሻߩ
݀߬

െ
ሺ1ߙ െ ሻሺ1ߝ െ ሻ൫1ߙ െ ሺ1ߠ െ ሻ൯ሺ1ߝ ൅ ݃ሻ

ሺ1ߠܣ ൅ ሻሺ2ߤ ൅ ሻଶ݇ఏߩ
ቆ1 െ

ሺ1ߙ െ ሻሺ1ߝ ൅ ݃ሻ
ሺ1 ൅ ሻሺ1ݎ ൅ ሻሺ2ߤ ൅ ̅ݖሻߩ

ቇ ݀݇

െ
ሺ1ߙ െ ሻሺ1ߝ െ ሻሺ1ߙ ൅ ݃ሻ
ሺ1 ൅ ሻሺ1ݎ ൅ ሻሺ2ߤ ൅ ̅ݖሻଶߩ

൮1 െ
1

1 െ
1

ሺ1 ൅ ሻሺ1ݎ ൅ ሻߨ

൲

ିଶ

ቆ
݊ሺ1 ൅ ݃ሻ

1 ൅ ݎ
െ 1ቇ݀߬. 

(A.9)

From (A.8) and (A.9), one can obtain ௗ௞
ௗఛ

. 
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Fig. 1: Effect on ݇ of an increase in ߤ. 
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Fig. 2: Monetary policy effect. 

 

 

Fig. 3: Child allowance effect. 
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Fig. 4: Education subsidy effect. 

 

 

Fig. 5: Pension effect. 
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Table 1: Parameter settings 

 0.87828 ߙ

 0.35928 ߝ

 2.95215 ߩ

 0.3 ߠ

A 2.42461 

H 4.42175 

 0.11363 ̅ݖ

 2.2761 ߤ

 


