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THE ROLE OF FACTOR INTENSITIES, INTER-FACTOR
COOPERATION, AND PRODUCTIVITY IN A
GENERAL EQUILIBRIUM MODEL

Katsuhiko Suzuki*

November 1983

The purpose of this paper is to explore thoroughly the
effects of the change in factor supplies on outputs with
commodity prices held constant and to disentangle the intri-
cate involvement between the roles of the factor intensities
and factor substitution played in determining such Rybeczynski
effects in the three-factor, two-good general equilibrium
model. It turns out clearly that in place of the factor
substitution relations in the cost function, the introduction
of cooperative relations between different factors in the
production function is helpful for this purpose.
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1. Introduction

The properties of the general equilibrium production
model with three factors and two goods have recently been
clarified to some extent by comparing those discovered by
Jones (1971) in the specific-factors model. For the relation
between factor prices and endowments, it has been made clear
by Batra and Casas (1976), Ruffin (1981), and Suzuki (1981)
that, as in the specific-factors case, if some factor-
intensity condition is properly assumed to classify three
factors into two groups, say, extreme and middle factors,
the ihcrease in the supply of one factor, at constant
commodity prices, affects unfavorably the rewards of the
factors belonging to the same group as the growing factor
belongs to and favorably the rewards of the other factors.

For the relation between commodity outputs and factor
endowments, or its reciprocity relation, that between factor
and commodity prices, it has been shown by Suzuki (1981) and
Jones and Faston (1983) respectively that some conditions
associated jointly with the factor intensities and the Allen
substitute-complement relations between factors are sufficient
conditions to account for the fact that the increase in the
supply of the extreme factor, at constant commodity prices,
expands the output of the sector which uses the growing
factor relatively intensively and decreases the output of
the other sector,1or that the rise in a relative price with
factor supplies held constant raises the real reward of the
factor which is used relatively intensively in the production
of the price-rised good and lowers the real reward of the

other extreme factor with the change in the reward of the
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middle factor trapped between those of the.extreme factors,
They have also brought out that the role of the substitute-
complement relations played in determining the relation of
outputs to factor supplies or that of factor prices to
commodity prices is so involved with that of the factor
intensities that the former cannot be disentangled from

the latter except in some special cases like the one with
perfectly complementary factors.

The purpose of the present paper is to disentangle the
intricate relations between the roles of the factor intensi-
ties and factor substitution in the general case and to make
a more thorough search for the effects of the change in
factor supplies on commodity outputs in order to answer the
questions as to what kind of factor substitution relation is
sufficient for those effects to be unambiguously predicted.
In order to do so, it is helpful to define the cooperative
relation between factors in the production function, in place
of the factor substitution relations in the cost function,
such that a factor is cooperative with another if its marginal
productivity is increased by an extra input of the other factor.

Section 2 presents a model in which the usual neoclassi-
cal properties of the production function and the familiar
factor intensity conditions are assumed, and in which the
assumption is made that different factors are cooperative
with each other in every industry. In Section 3, it is
demonstrated that this assumption on the inter-factor
cooperation is a sufficient condition for the favorable
output effect of the growth in an extreme faclor's supply

to be predicted. Section 4 is devoted to deriving the fact



that the responsiveness to the change in the factor intensi-
ties of the marginal rates of substitution between the
relevant factors is crucial for the determination of the
output effects of a factor-supply change. It is clarified,
in Section 5, that the responsiveness of the marginal rates
of substitution depends on the specification of the relative
strength of the inter-factor cooperation and that some
specification is a sufficient condition for the unfavorable
effects of the growth in an extreme factor's supply to be
predicted, Moreover, in this section, a search is made for
the role the middle factor's productivity played in- determin-
ing the output effects of the growth in its supply. Section

6 summarizes the results obtained through the analysis.

2. The model

Consider a perfectly competitive economy~producing two
goods, goods 1 and 2, with three factors of production:
capital, labor, and land. The production function of each
good is assumed to be continuously twice differentiable,
increasing in each argument, strictly quasi-concave, and

linearly homogeneous. Let Xj be the output of good j, Kj’

Lj’ and Nj respectively the inputs of capital, labor, and

land in the jth industry producing good j alone. Then the

production function of the jth industry is

X. = F(x,, N., L.), D=1, 2. 1
j (J 3 J) J (1)

Let X5 = Xj/Lj’ kj = Kj/Lj’ and nj = Nj/Lj for any positive



value of Lj’ then the linearly homogeneous function (1) can

be reduced to

= £3(x., n. =1, 2.
Xj f (k.]’ 1’1']), J

i

Let F% - aFj/an for I =K, L, and N, and £ = 3f9 /91,

J

for i = k and n, then the positive marginal product of each
factor employed in the jth sector is denoted by

b _ gl
fn = F

yo and £ = Ff = flokfionf), §o= 1, 2,

The restriction of positive marginal productivity excludes
from our consideration the specific-factors model in which
the marginal productivity of a specific factor to a particu-
lar industry is regarded to be zero in the other industries.
Concerning each factor's marginal productivity, we assume
that it is diminishing in every industry. Then, letting

o2 J - J - J -
FSI = BFI/SSj for S K, L, and N and fsi afi/asj for s =

k and n, we have

£ L.FJ

e = LyFrg < 0
fon = T3Fiy < O j=1,2, (3)

J = J o 2aJ o 2.]
11 = LjFLL = (kj) fkkFijnjfnk+(nj) fe, < 0.

Following Morishima (1953-54), we define:



Factors S and I are cooperative in the production of good j

if T

gy 2 0 for 8 £ 1.

Since the twice continuous differentiability of the produc-

tion function implies F%I = F%S’ this type of cooperation

between factors S and I implies that an additional input of
factor S does not decrease the marginal productivity of
factor I and vice versa., Using this definition, we shall

make the following assumption on inter-factor cooperation.

Assumption, Bvery factor is cooperative with the other

factors in each industry. In symbols,

£d L.F3

jn = LyFkw 2 O
fhy = LyFgp = - (kg figctngfng) 2 0, =12 (4)
i o2 J oo . J. J

fo1 = T3P = ~(kyfpgtnyfh,) 2 0.

It may be noted that at least two of the inequalities in (4)
must hold in a strict form.

The factor intensities of the two industries are assumed

to be

K1/K2 > L1/L2 > N1/N2, (5)

and also no factor-intensity reversals are assumed to occur



in the range of factor prices considered here. The conditions

(5) are equivalent to k1/k2 > 1 > n1/n22and mean that good 1

needs more capital per one unit of labor than good 2 does in
production while good 2 needs more land per one unit of labor
than good 1 does in production. We hereafter refer to capital
as an extreme factor of sector 1, land as an extreme
factor of sector 2, labor as a middle factor, good 1 as a
capital-intensive, and good 2 as a land-intensive good,
respectively.

The basic structure of our model consists of the full
employment and profit-maximizing conditions. Let K, L, and N
be the endowments of capital, labor, and land, respectively

and let k¥ = K/L, n = N/L, and lj = Lj/L. Then the full

employment conditions are

l1k1+12k2 = k,
l1n1+12n2 = n, (6)
11'}'12 = 1-

Let pj stand for the price of commodity j, and r, w, and t

for the prices of capital, labor, and land respectively. Then

the profit-maximizing conditions of competitive firms are

12
r = pqfy = polys



t = pf, = pofr, (7)
wo= pefy = pofy.

3. The role of the factor intensities and the inter-factor
cooperation

Taking logarithmic differentiation of (6) and the right

part of (7) with commodity prices held constant, we get

1}
o

(11k1/k)(11+k1)+(12k2/k)(12+k2)

(1yn/0) (140 )4 (10 ,/n) (1 4n,) (8)

It
o

(bl1+12 = 0,

where k = dk/k, for instance, and ¢ = 11/12, and

1A 1A .2/\ 2/\
Pyl Tl P n g E gy =Pkl kp-ponyfiyn, = 0,

~N A

1% 1 20 2~
PR T n o tPqng g Pkl k=Pt ny = 0, (9)

~ ~

18 1 2 ° 2~
Prkqfgalq tpqng g0y -pokofy ky=ponyf yny = 0.

; J J
Denote the weighted sum of fks and fns by

i _ J . - J
ry = (k1-k2)fks+(n1 nz)f

, s =%k, 1, n, and j = 1, 2,
ns



If the differences in the factor intensities between goods 1
and 2 are sufficiently small, this can be regarded as the

total differential of fg when dkj = k1-k2 and dnj = n,-n,.

It is clear from the factor-intensity conditions and the

assumption on the inter-factor cooperation that Fi < 0 and

rl >0 (j =1, 2). Solving (9) for ki, ny, and 1, after

substituting (8) into it, we get

1, 02 1951 2yi-1
k(g TictPodfia) g (pyfaictpa0fy)  (-pqTi)3 ™ (pjorp)

1 1751 2yi-1
kj(p1fkn+p2¢fkn) ns (p1 nn p2¢f ) (-p1Fn) (p2¢Fn) %

1 1,5-1 2141
kj(p1fk1+pz¢fk1) nj(P1f 1 ¥PoE0y) (-pqT'1)°" (pyory)

ks Pk ktp nf 0

n.| = ~|p. kel xip.nel n i, 5 =1, 2, and i # j. (10)
il T ISP kn T PiM nn » < J

A i A

lj P kfk1k+pinfn1n

- - J - J = pd
Let Dj (k1 kz)Fk+(n1 nZ)Tn, Aj fkk (f ) , and

A = pyAyDytp,y0AsD, (j =1, 2). Then, obviously, Dj < 03 Aj

> 0 because the function fj(kj, nj) is strictly concave under
the law of diminishing returns; and hence A< 0., A look at
the profit-maximizing conditions (7) would reveal that the
factor intensities of each commodity depend only on factor
prices. Since the factor prices in turn are affected by the
change in a relative factor endowment here in contrast with
the 2%X2 Heckscher-0Ohlin model,Bthe factor intensities change

as the supplies of factors change. We can denote the elastic-



ity of the factor intensity in response to the change in the

relative factor endowment at constant commodity prices by

. s 91,
a%s = 1. s i=%k n, 1, s =%, n, and j =1, 2,
J

Since the determinant of the coefficient matrix on the left-
hand side of (10) does not vanish,Athe solution to (10) can

be obtained in terms of a's by Cramer's rule:

k., od ol ) .
j kk kn Kk
_ J 3 =
1 J j
1; r  *n

where, for i, j =1, 2, and i # j,5

- _ J
Oy = pi(n1 nz)anAi/IijA,

ad = -n(k -k, )a /k(n -n2)

IoZ - J
as = p, (k, k2)anAi/12njA,

(12)

i - . - J -
@y = k(n1 n2)ann/n(k1 k2),
ol = —a? /o = k52 b /nly (ky-ky),
1k 1k i= 1 i1 %n 1772

2 i
= 005413k 0 /K1 (ng-ny).

Q
— =
=1

1

I

Q
=N
=
~
<=

1
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The factor-intensity and inter-factor cooperation conditions
1

assure that ais >0 (i, s =k, n, and j =1, 2), a; > 0, and
1
aq, < 0.

We assume that the transformation curve between the two

goods is strictly concave to the origin.6 Let BIj = pIIj/ijj (1

= X, L, N), the distributive share of factor I in the

production of good j, and Yig = (S/Xj)(BXj/BS) (s = X, N, L),

the elasticity of the jth industry's output with respect to
the change in factor S's endowment at constant commodity
prices, or the Rybczynski -elasticity of good j. Then the
efficient production point is unique for a given set of
commodity prices, and its shift due to the change in the
changes in the relative factor endowments at constant commo-
dity prices can be derived from the differentiated form of

the production function into which (11) is substituted,

Xg = Ky Nty (13)
where
- J I o4gd
Yik T Ok %ktOng %ax 1k
_ J. I opqd
Yin = k3% mt O %antIn’ (14)

Y,]L = 1-(YjK+YJN)o

The last expression of (14) reflects the fact that the output
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of good j is the homogeneous function of degree one in K, N,

and L. Since Yig > 0 and Yon > 0, we can conclude:

Theonem 1. If eveny faclor is coopernative with the othen
Lactons in each industry, then the increase in the endowment
of one of Lthe extreme faclons, at constant commodity prices,
expands the output of the good which uses intensively the

increasing facton in production, and vice vensa.

The mechanism which leads to the results in Theorem 1
can be easily illustrated: Suppose that the supply of
capital increases with other factor endowments kept constant.
Then the output of good 1 will expand while that of good 2
will shrink to keep land and capital in full employment at an
initial set of factor prices. These changes in outputs create
the excess demand for labor which lowers the relative factor
prices, r/w and t/w. The substitution effects of these
factor price changes reinforced by the inter-factor coopera-
tion increase the capital- and land-intensities of both goods,

kj and nj. Therefore, N1, L1, and K1 increase while N2 and
L2 decrease, implying that the output of good 1 expands but

that of good 2 is ambiguous as to the direction of its change.



4. The Rybezynski elasticity and the marginal rate of

substitution between factors

The argument in the previous section suggests that the

Rybczynski elasticities, YiN and Yog» may take negative or

positive values. In fact, it turns out to be clear that not

only their values but also those of Y11, and Yor, depend upon

the responsiveness of the marginal rates of substitution
(MRS's) between capital and labor and between land and labor
to the change in the factor intensities.

The elasticities of the MRS's between capital and labor
and between land and labor with respect to the change in the
capital-intensity or land-intensity of the jth good can be
represented in terms of the partial derivatives of the

production function:

A . Ao . . A

J

J_pd Jed _pdpd Jed _pdpd
£y -f3 kj(f Fre-TRfiy) ns (£9F5-T5fnp) ks (15)
pi_pdl T (ed)? Jed _pdpd Jpd _pdpl .
fo-fy (fl) kj(f_fkn fnfkl) nj(flfnn fnfnl) n;
Denote the weighted sum of the elasticities of the MRS
between capital and labor in the jth industry by
- J/pd - J/¢d
Wj i k1 kz(_ kj a(fk/fl) \ n,-n, n, a(fk/fl)
K kj fﬂ/fi akj nj fﬂ/fi an
and the counterpart between land and labor by
- J/pd - J/pd
vl - k, k2( kj B(fn/fl) \ n, n1(~ -nj a(fn/fl)
N k. f%/fi ak. n, £d /¢d on,

J J n’t1 J
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If k1—k2 and n,-n, are sufficiently small, W% (W%) is equal

to the rate of change in the MRS between capital (land) and

labor when dkj = k1-k2 and dnj = ny-ng. Using (15), W% and

W% can be expressed as

[ _ Jed _eldel _ Jed _pdeld

Yk (fj)2{(k1 ko) (£ifiq - f )t (ngmny D (£ £ -3 6073,
i

(16)

- _1 _ Jed _edel _ Jed _eded

N = (fj)2[(k1 ko) (£5 85 -FnTi ) H{ng-n (£ £7, -F957 D).
i
.| . 1 2

Denote the weighted sum of WI and WI by

_ 72 2 J Jj . _
Vo = Zj=1ljpiAiwI/pjf , j =1, 2, and I = K, N,

i#]

Then the Rybczynski elasticities can be expressed in terms of

these elasticities with the aid of (12), (14), and (16):

_ 2 1 1 1

Yig = -kfl{nszWN+(fl+n2fn)WK}/1112A,
P o vy 1

Yoy = nETOE +hof) )y tkof ¥l /1,154,
a2

Yqp = -fp7 (np¥y-ko¥) /1414,

(17)

_ 2 1 1 1 2
= kfl{n1kaN+(fl+n1fn)WK}/(lz) A,
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_ 2, (01 1 1 2
Yoy = -nfl{(fl+k1fk)WN+k1anK}/(12) A,

1.2 2.7
Yo, = £107(nq¥y-k ¥p)/(1,5)7A,

Since Y1k > 0 and Yon > 0 by Theorem 1, V¥

lie in the region

1

1 1 1 .
Yo > -{nsz/(fl+n2fn)}WN and ¥p > -{(f +k

1

K and WN must

1, A
1fk)/k1fn}WN. (18)

Furthermore, the requirement that D1 and D2 must be negative

implies that

1 1
(n1-n2)fl—(k1n2-k2n1)fk

1 1

8
N.

1
WK > |

182"
It follows from (18) and (19) that

Lemma 1. Yig > 0 and Yoy > 0, (£ and only i/

W > ={nyfy/(£14n,00 )30y Lo ¥y 2 0, and

1 1 1 9
Ll’K > _{(fl-"k«]fk)/k»]fn]‘PN £O/Z ‘I’N < 0.

(19)

Since Yqx > 0, Yoy > 0, and Dj <0 (j =1, 2) as long as the

factor-intensities and inter-factor cooperation conditions

hold, it is the feasible region of WK and WN that Lemma 1 shows.
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Within the feasible region, the necessary and sufficient

conditions regarding the signs of Y1n and Yox and regarding

those of Y11, and Yo, can be derived as what follows.
Lemma 2. a) Yon < 0 and Yog < 0, £ and only (/

¥ o n1f;/(f1+n1f;)}WN Jon W > 0, and

K N =

1, 1 1 10
WK > - (flkszk)/szn]WN fonr WN < 0.

4) Y1n < 0 and Yox > 0, (£ and only if

1 1. 1 1 1 1
vy > 0 and —{n1fk/(f1+n1fn)}WN LA -{n2fk/(f1+n2fn)}?N.

c) Yy 20 and Yog < 0 {f and only if

1 1 1 1 1 1
Yy < 0 and -{(£+k,F) )/ kof ¥ 2 ¥ > -{(f7+k ) ) /k £ T¥.

Lemma 3. a) Y1, > 0 and Yor, < 0, (£ and only if

\%

1 1 1
(n,]/k,l)‘[’N > WK -{nsz/(f1+n2fn)}WN Lon WN > 0.

é) Y11, > 0 and YZL 0, ¢(fZ and only (f

fiv

(n2/k2)lPN 2 Yy 2 (n1 /k1)‘i'N Lonr Yy > 0.
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c) Y1, < 0 and Yor, > 0, (£ and only if
1,001 1
(kz/n2)WK > WN > -[k1fn/(f1+k1fk)}WK Lon WK > 0.

Lemma 2 shows that if WK and WN are positive then YN <-0 and
Yo < 0, implying that the Rybczynski theorem holds for the
extreme factor's endowment change. But then the signs of Y11

and Yo, are indeterminate, according to Lemma 3.

5. The inter-factor comparison of cooperation and the inter-

industry comparison of labor productivity

It has been made clear in the previous section thatlthe
responsiveness of MRS to the change in the factor intensities
is crucial in determining the values of the Rybczynski
elasticities. In this section we explore the relation of
it to the characteristics of the production function repre-
sented by the inter-factor cooperation and labor productiv-

ity to obtain the sufficient conditions for both Y1N and Yok
to be negative and for Y1, °T Yor, to be positive.

For these purposes, let us define under the assumption

on factor cooperation:

Factor S is more cooperative with factor I than with factor H

in the jth sector if

S, aFd S, aF}
—-'jl——I;—:].l—H S#I,1#H, and H # 8. (20)
Fd s, T Fj °s,
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It may be noted that condition (20) is equivalent to

£d o /ed 28l /ed, s#441i, 1 #h, and h # s,
or to
> T
—(—=) > 0, S #I, 1 #H, and H £ S.
85 F%

It is obvious that if the equalities hold in these relation-
ships factor S is locally functionally separable from factors
I and H in the production function Fj (see Leontief (1947)).
If condition (20) holds in a strict inequality form, one per
cent increase in the input of factor S in the jth industry

" raises the marginal productivity of factor I by a larger
rate than that of factor H.

Using this definition, we can classify six cases of

ranking by the strength of inter-factor cooperation in the

jth industry,

fiv
H;
e
H
Cd

(i-a) f£4£d > rigd

(L

(i-b) f£ird > pdpd > fgfj

s Jed Jed J
(ii-a) £o09, 2 380, 2 f3fh,,
s Jed Jeld Jed
(1i-b)  fpfy, 2 £385, 2 £1F,0



TR Jed Jel Jel
(iii-a) fkfnl > flfkn > f fkl’
s s Jed Jed Jed
(iii-b) fkfnl > fnfkl > flfkn'

The meaning of these rankings can be illustrated by cases (i),
where one of the extreme factors is more cooperative with the

other than with the middle factor, that is, £ifd > fded  or
1" kn = "n k1l

fifgk > fifgl; besides, under the former condition, labor is

more cooperative with capital than with land (fgfik > fifin),

and under the latter condition, labor is more cooperative

with land than with capital (£3fd > £0rd,). The meaning

of the other cases can be similarly explained.

The application of each ranking to (16) shows that w% >
0 in cases (i-a), (i-b), and (ii-a) while W% > 0 in cases
(i-a), (i-b), and (iii-a). According to Lemma 2, Yiy < 0 and

Yog < 0 if case (i-a) or (i-b) holds in every industry. Thus,

Theornem 2. If one of the extreme faclons (s more coopenative
with the othen than with the middle factor, then the {ncrease
in the supply of one of the exitreme fLaclors, al constant
commod (ty pnrnices, srhninks Llhe output of the good which does

not intensively use the expanding factor, and vice venrnsa.

The conclusions obtained so far can be connected with
the substitute-complement relations among factors by replacing

the presuppositionsof Theorems 1 and 2 for the conditions
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which are represented in terms of the price elasticities of
factor substitution used by Suzuki (1981) and Jones and

Easton (1983)." Let ay; be the amount of factor H required

for the production of one unit of commodity j and sj

s the

elasticity of aHj with respect to the change in the price of
factor S, If aHj satisfies the cost-minimization conditions

in a perfectly competitive economy, then

rFe t4e

A - J
;. € HL

Hj HK

where E%H < 0 if the cost function of good j has a regular

I

minimum, and eJ

ved red . ]
ikt ey teyy = 0 for j = 1 and 2, and H = K, L,

.. - . - Jed -
and N. Noticing that kj aKj/QLj’ nj aNj/aLj' fk/f1

r/v, and fg/fi = t/w, and deriving the inverse of the coeffi-

cient matrix on the right-hand side of (15), we can get

%K—E%K = (fifj fgfgl)fi/kjfjAj’
KN‘Eﬂw (file-fJfJ )fJ/k fJAJ
E§K'FLK = (fgfil-fifi )fJ/n fJAJ
dv-ely = (elel-eled el ela,.

It is obvious that E%K > S%L and EiN > E%N if every factor is

cooperative with the other factors in the jth sector. In



.

addition, €ﬂN > E%N and EiK > E%K if one of the extreme

factors is more cooperative with the other than with the
middle factor. Therefore, the sufficient condition for the

conclusions of Theorems 1 and 2 is:

Conollany., If the exitreme and middle factorns ane substitutes
(eiK > 0 and SEN > 0) and (£ two extreme fLacltors are comple-
menits on independent in every industnry (eﬂK £ 0), then Zhe
incnease in the endowmeni of one of the extreme factors, al
constant commodity prices, expands the output of Ethe good

which uses intensively the increasing Lactor in production

and shninks the output of the othen good.12

Under the factor-intensities condition,

0165 5 1jp§Ai i wi 1 .
\ - A J
Yo > - 1112A53=1 p.fj (njFN kjWK) if ¥p > 0 and ¥ > 0,
ifj *]
1.2 2
f.f 1.pJA, . .
Yor > ——5 15— ok w]) ip ¥7 > 0 and ¥ > 0.
(1,)°a 95, p,£d d J
2 ifj i
The consideration of these and the following relations
2 14 o
: . . (pof=-p £ )fY - o
J j 2z _72 1 k1l pdpd 2 plgd
ny¥i-ki¥k < ST TE R S A SE
pj k"1
leads to the results:
. cied i o] : . 2 113
(i) If fif%l > fgfil (j =1, 2), and if p,f° 2 p,f ,
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eyl cpowd
then Y1L > 0 if qK > 0, and Y41, > 0 and Yor, < 0 if WK L0

(j =1, 2). Thus, Yy, > O whether W% is positive or negative

(j =1, 2), but the sign of Yor, is ambiguous when W% > 0.“+
.. (P P . . 1 21
(11) 1f £led. 2 £led) (5 =1, 2), and if pyr! 2 p,r?, 10
o wi ey
then Yor, > 0 if WN > 0, and Yor > 0 and Yq1, < 0 if WN L0

(j =1, 2). Thus, Y,y > O regardless of the value of W%

(j =1, 2). However, the sign of Yq1, is indeterminate when
j 16
WN > 0.

Since pij is the labor productivity in the jth sector in

value terms, these results are summed up as what lelows.17

Theornem 3, If the productivity of the middle factor in
industnry { (s not higher than that in industiry j and (f Zhe
middle Laclon (s less cooperatlive with the extreme facton of
good { than with that of good j in eveny industiry, then the
lncrease in thaiéuppéy of lhe middle facltorn, al constant
commod ity prices, expands the output of good i, and vice

vensa {l: 3! J’y l:] J. = 7' 2)0

The reasons why the conditions postulated in Theorem 3
are crucial for the result can be conjectured from their
effects on the relative factor intensities of both goods,

kj/lj‘ Suppose lthe supply of labor increases. Then, as
long as W% and Wg (j =1, 2) are positive, the outputs of

both goods probably expand at initial factor prices to create

the excess demand for capital and land. Thus, the ratios of
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rent for capital to wage and rent for land to wage rise,
causing the factor intensities of both goods to fall. Which
of the capital- and land-intensities of each good falls to a
greater extent depends upon the conditions assumed in Theorem

3.181¢ they hold for i = 1 and j = 2, for instance, /-

J

ratios are raised in both industries. This increases the
output of good 1 and decreases that of good 2 so that the
initial output effects are reinforced in industry 1 and

reduced in industry 2. Therefore, y,; > O but the sign of

.

Yor is indeterminate as long as WK (j =1, 2) are positive.

The role of the conditions in Theorem 3 can be explained for

the case of 1 = 2 and j = 1 in the similar fashion.

6. Conclusions

We have explored the role of the factor intensities, the
inter-factor cooperation, and the labor productivity in deter-
mining the output effects of an endowment change with commo-
dity prices kept constant. As a result, it has been made
clear that each output effect represented by the Rybeczynski
elasticity depends upon the relative exlent of the responsive-
ness to the change in the factor intensities of the marginal
rates of substitution between capital and labor and between
land and labor in the whole economy. Since the latter in
turn depends upon the properties of the production functions
of both industries, an attempt has been made to bring out
their influences upon the Rybcazynski elasticity, which are
summarized in the three theorems.

The synthetic consideration of these theorems leads to
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the conclusions that if cases (i) hold in comparison with
the inter-factor cooperation, or if the extreme factors are
more cooperative with each other than with the middle factor
which is in turn more cooperative with land in case (i-b) or
with capital in case (i-a) relaﬁive to the other extreme
factor, then the growth of the supply of one of the extreme
factors, at constant commodity prices, increases the output
of the industry which uses intensively the growing factor
and decreases the output of the other industry. Under the
same conditions the growth of the supply of the middle factor
increases the output of the industry where its productivity

is not higher than in the other industry.
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Footnotes

3 I would like to thank Professors Michihiro Ohyama, Akira
Takayama, Yasuo Uekawa, and Nobuo Minabe for valuable comments
and suggestions on early drafts. I am also grateful to my
colleague, Professor G.LE.Bascom for making this paper more

readable.

1. Batra and Casas (1976) has also explored this type of
the Rybczynski relation and insisted that the factor intens-
ity condition is a uniquely sufficient condition (the sub-
stitute-complement conditions are not necessary) for the fact
stated in the text. However, this is not true because one
can discover a counterexample to their conclusions (see

Suzuki (1983)).

2. The factor intensity conditions assumed in the text are
equivalent to those Kemp and Wegge (1969) postulated,
max ais/ajs = aii/aji for i =1, 2, and j =1, 2, 3 (aiS is

the amount of factor s required to produce one unit of good i),

if factors 1, 2, and 3 denote capital, land, and labor respectively.

3. For the relations between factor prices and endowments
in the three-factor, two-good model, see Batra and Casas

(1976), Ruffin (1981), and Suzuki (1981).

4. The determinant 6f the coefficient matrix on the left-

hand side of (10) equals kjnjp1p2¢A for j =1, 2.
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5. There is a relationship

I3 (kg /a4 (ny /m)ad 3 = 1.

It is useful in deriving the relation that the properly

weighted sum of Yige Yine and Yi, equals zero (see footnote 7).

6. The sufficient condition for the transformation curve
to be strictly concave to the origin is that the 3x2 input-
coefficient matrix has a rank 2, which is met under our
factor-intensity conditions, and that the cost function
derived from our production function has a regular minimum

(see Chang (1979) and Jones and Scheinkman (1977)).

7. Use is made of the relation, YjL = ~(kiyjK/k+ninN/n)

(i, j =1, 2, and i # j) in deriving the expressions for Yy

= - J_ _ Jywd _ B J
8. Dj ({(ny-ny)f9-(kyn,y-kon ) Ey3¥a-{(k, -k,)fY

- Jywdy seded .
+(kqn, k2n1)fn}WK)/f £y j =1, 2.

9. There are the following relations among the coefficients

of ¥ on the right-hand sides of (18) and (19),

N

1 1 1 1 1
fl+k1fk (n1—n2)fl~(k1n2—k2n1)fk nsz
f

1
£l ot

1
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10. 1In deriving the conditions in Lemma 2, use is made of

the relations,

1 1 1 a1 1 1
fl+k2fk g fl+k1fk g nsz . n1fk
- 1 - 1 - 1 1 1°
k2fn k1fn fl+n2fn fl+n1fn

11. A reference to the connection of the inter-factor
cooperation with the substitute-complement relation and to
the results summarized in the Corollary has been suggested

by Professor Ohyama.
12, TFor these results, see Suzuki (1981) and Takayama (1982).
13. These conditions ensure that Wﬁ >0 for j =1, 2.

. X 1 1
14. In the expression for Y, in (17, n,¥y-ky¥g > 0. But

2 . 42 . 1 2 2 2 2
ny¥y-k ¥y 2 ;5{(k1‘k2)(“1fnk*k1fkk)'(“2'n1)(k1fnk+”1fnn)}
: .
1 2.0 o2y, o2 142
¥ 5o (0 f i £ (pof™-py £7) 50, .

22
pZ(fl) fn

The right-hand side of this expression may be positive

or negative.

15, These conditions ensure that W% >0 for j =1, 2.
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. . 2 2
16. In expression for v,  in (17), ny¥y-k,¥g > 0. But

the sign of ny¥y-k,¥; is ambiguous by the similar reasoning

as in footnote 14.

17. Note that pjfj = w/BLi. In Jones and Easton's (1983)

terminology, sector j is relatively intensive in its use of

the middle factor if 8y, > Oy, or pjfj < pifi (1 #3).

L a(ki/ni)
k./n, oL
iy

_ J v wi
18, = A(njwN kij),

where A = piAi(fi)Z{n(k1-k2)+k(n2-n1)}/(lzkjnijA) < 0 for
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